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Abstract 

■ Let A = ^jg/,, mriiVJi, with mi E Z>o for z E /qi be a level-zero dominant integral 
weight for an affine Lie algebra q over Q, where the Wi, i E Iq, are the level- 

B;. zero fundamental weights, and let B(A) be the crystal of all Lakshmibai-Seshadri 

paths of shape A. First, we give an explicit description of the decomposition of the 
^ ' crystal B(A) into a disjoint union of connected components, and show that all the 

■ connected components are pairwise "isomorphic" (up to a shift of weights). Second, 
• we "realize" the connected component IBo(A) of B(A) containing the straight line 
' VTA as a specified subcrystal of the affinization B(A)ci (with weight lattice P) of the 

^ ■ crystal B(A)ci ^ (8)ig/o (B(ro,)ci)®'"' (with weight lattice = P/iQS n P), where 

■ S is the null root of g), which was studied in a previous paper |NS3j . 

^ ■ 

^ ; 1 Introduction. 

l> '• 

• ^ ', Lakshmibai-Seshadri paths (LS paths for short) and root operators acting on them for a 

^ ■ Kac- Moody algebra g over the field Q were introduced by Littelmann in |Llj . |L2j . and 
it was proved independently by Kashiwara |Kas2j and Joseph that if A is a dominant 
integral weight, then the set (or rather, crystal) B(A) of all LS paths of shape A is iso- 
morphic as a crystal to the crystal base B{X) of the irreducible highest weight module 
V{X) of highest weight A over the quantized universal enveloping algebra (quantum affine 
algebra) Ug{g) of g over the field Q(g). But, the crystal structure of the set B(A) of all 
LS paths of shape A for a general integral weight A G P remained unknown. The purpose 
of this paper is to study the crystal structure of this B(A) in the case that g is an affine 
Lie algebra. 
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Let us describe our results more explicitly. Let g be an affine Lie algebra over Q 
with Cartan subalgebra P), simple roots {cij}j^j C f)*, simple coroots {hj}_.^j C f), and 
Weyl group W C GL(f)*). We denote by 6 = J^jei'^j^j ^ ^* the null root, and by 
c = ^j^i cijhj G [) the canonical central element. Note that in the case of an affine Lie 
algebra, an integral weight A G P is of positive level (i.e., A(c) > 0), of negative level (i.e., 
A(c) < 0), or of level zero (i.e., A(c) =0). If A G P is of positive (resp., negative) level, 
then A is equivalent, under the Weyl group W of 0, to a dominant (resp., antidominant) 
integral weight A G P, and hence the B(A) = B(A) (see Remark I2.fi. 21 (3)) is isomorphic 
as a crystal to the crystal base B{A) of the irreducible highest (resp., lowest) weight 
module of highest (resp., lowest) weight A over the quantum affine algebra f/<j(s). Thus 
it remains to consider the case in which A is of level zero, and hence (by Remark l2.(i.2l (3) 
and Lemma (2. 7. 4j) level- zero dominant, i.e., of the following form: A = Xlie/o"^*^*' *^t^ 
rrii G Z>o for i G Jq, where the cuj, i E Iq := I \ {0}, are the level-zero fundamental 
weights for the affine Lie algebra q. 

In previous papers |NSlj . |NS2j . we proved that for each i E Iq, the crystal M{zui) 
of all LS paths of shape Wi is connected, and also proved that this crystal M{wi) is 
isomorphic to the crystal base B{u7i) of the extremal weight module V{wi) of extremal 
weight uji over Ug^Q), introduced by Kashiwara |Kaslj . |Kas3j in a more general setting. 
Furthermore, in |NS2j . we obtained an explicit description of the decomposition of the 
crystal B(m?z7j) of all LS paths of shape mwi, with m G Z>2, into a disjoint union of 
connected components, and then proved that also for m G Z>2, this crystal B(mti7j) 
is isomorphic to the crystal base B{mWi) of the extremal weight module V{mWi) of 
extremal weight mvJi. Therefore, it seems natural to expect that for an arbitrary level- 
zero dominant integral weight A = Xlie/o with mj G Z>o for i G /q, the crystal B(A) 
is isomorphic to the crystal base B{X) of the extremal weight module V{X) of extremal 
weight A. However, this is not true even for the (simple) case in which g is of type ^2^^ 
and \ = Wi + as can be seen from |NS3t Example 4.1] (and |NSH Remark 5.2]). In 
fact, the crystals B(A) and B{\) are isomorphic only if A = rriiWi for some i E Iq and 
nii G Z>o (see Appendix). 

In this paper, we give an explicit description (Theorem I3.1.H) of the decomposition 
of the crystal B(A) of all LS paths of shape A into a disjoint union of connected com- 
ponents, where A G P is an arbitrary level-zero dominant integral weight of the form 
ieio ^i'^i^ ^ith. rrii G Z>o for i G Jq. Namely, we prove that each connected compo- 
nent of the crystal B(A) contains exactly one (extremal) LS path having an expression of 
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the form ()3.1.4|1 . and that the set of all extremal LS paths in each connected component 
of the crystal M{X) coincides with the 14^-orbit of an (extremal) LS path having an expres- 
sion of the form ()3.1.4|1 . A key to the proof of Theorem 13.1.11 is one of main results of a 
previous paper jNS3j (see Theorem 12. fi.fij) that the crystal B(A)ci with weight lattice is 
"simple" , and hence connected. Here the lattice Pd is equal to P/ (Q5nP), and B(A)ci is a 
crystal with weight lattice Pel (which we call a Pci-crystal) obtained from the crystal ]B(A) 
with weight lattice P (which we call a P-crystal) as follows: B(A)ci = {cl(7r) | vr G B(A)}, 
where (cl(7r))(t) G Pd for t G [0, 1] is defined to be the image cl(7r(t)) of nit) under the 
canonical projection cl : Q (8>z P ^ Q ®z Pel- 

It immediately follows from Theorem 13.1. If along with Lemma 12. 7. H that the con- 
nected components of B(A) are pairwise "isomorphic" (up to a shift of weights), like the 
case of the crystal base B{X) of the extremal weight module V{X) of extremal weight A 
(see |BN| Theorem 4.15]). Hence it suffices to study the crystal structure of the connected 
component Bo(A) of B(A) containing the straight line tta, which is obviously an extremal 
LS path having an expression of the form ()3.1.4|1 . For this purpose, generalizing 
Proposition 5.9] for the case in which A = rriiWi, with i (z Iq and G Z>i, to the case of 
the level-zero dominant integral weight A = XliG/o ^i^ii introduce the "affinization" 
B(A)ci (which is a P-crystal) of the Pd-crystal B(A)d, and prove that the affinization 
B(A)d is isomorphic as a P-crystal to a disjoint union of connected components of B(A), 
including Bo(A) (see Theorem I4.2.2j) . Furthermore, we give a condition (condition (C) of 
Corollarv I4.2.7|) for an element of the affinization B(A)d to lie in the isomorphic image 
of the connected component Bo(A) of B(A), which enables us to identify Bo(A) with a 
specified subcrystal of B(A)d. Here we recall from |NS2j and |NS3j (see Theorem 12.6.61 
and the comments just below it) that the Pd-crystal B(A)d is isomorphic to the tensor 
product (S)ie/„ (B(cJ7j)d)'^™' of the Pd-crystals B(ci7j)d, i G Jq, and that for each i G Jq, the 
Pd-crystal M(wi)c\ is isomorphic to the crystal base of the level-zero fundamental module 
W{wi) over the quantized universal enveloping algebra U'^io) of g with weight lattice Pd, 
which is introduced by Kashiwara in |Kas3j . Thus, our results in this paper, together with 
this description of the Pd-crystal structure of B(A)d, completely determine the P-crystal 
structure of B(A) for an arbitrary level-zero dominant integral weight A G P. 

This paper is organized as follows. In Section |21 we fix our notation, and recall 
some basic facts concerning affine Lie algebras and crystals of all LS paths. In addition, 
we briefly review our results about the crystal structure of the Pd-crystal B(A)d for a 
level-zero dominant integral weight A = X]ig/o"^i^«5 with G Z>o for i G Iq. In 
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Section 121 we give an explicit description (Theorem IS.l.lj) of the decomposition of the 
P-crystal B(A) into connected components for the A = X^ie/o above. In Section I5 
we study the decomposition of the affinization B(A)ci of B(A)ci into connected components 
(Theorem I4.2.2|l . and then obtain a condition (Corollarv I4.2.7|l for an element of B(A)ci 
to lie in (the isomorphic image of) the connected component Bo(A) of B(A). 

2 Preliminaries. 

2.1 AfRne Lie algebras and quantum afRne algebras. Let A = {aij)ij!zi be a 

generalized Cartan matrix of affine type. Throughout this paper, we assume that the 
elements of the index set I are numbered as in |Kact Section 4.8, Tables Aff 1-Aff 3]. 
Take a special vertex G / as in these tables, and set Iq := I \ {0}. Let q = q{A) be 
the affine Lie algebra associated to the Cartan matrix A = {aij)ij(zj of affine type over 
the field Q of rational numbers, and let i) be its Cartan subalgebra. If we denote by 
:= C f) the set of the simple coroots, and by c/ G P) the scaling element, then 

we have P) = {^j^jQhj) © Qd. Also, we denote by U := {aj}.^^ C f)* := HomQ([),Q) 
the set of the simple roots, and by G P)*, j G /, the fundamental weights; note that 
aj{d) = and Aj{d) = for all j E I (see |IKac| Section 6.1] and |HK1 Section 10.1]). 
Let 

5 = ^ ajOj G f)* and ^ = ^ a^hj G i) (2.1.1) 

be the null root and the canonical central element of g, respectively. Here we should note 
that 

{2 if g is of type , 
'''''' (2.1.2) 
1 otherwise. 

We define the Weyl group ly of g by: W = {rj \ j e I) C GL(f)*), where rj G GL(f)*) is 
the simple refiection associated to aj for j G /, and then define the set A''^ of real roots 
by: A'''^ = WU. The set of positive real roots is denoted by AlJ C A'''^. Also, let us denote 
by (■ , ■) the (standard) bilinear form on P)* normalized as in |Kac| Section 6.2]; we have 
{ttj, aj) = 2aJaJ^ for all j G /. 

We take a dual weight lattice and a weight lattice P as follows: 

= ^0Z/ij j ®Zd Ci) and P= ^0ZAj j © Za^^d C f)*. (2.1.3) 

It is easily seen that P ^ Homz(P^,Z). The quintuplet {A, P, P'^ ,n,U'^) is called a 
Cartan datum for the generalized Cartan matrix A = {aij)ij(zj of affine type (see |HK1 
Definition 2.1]). 
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Let cl : f)* ^ i)*/QS be the canonical projection from i)* onto i)*/Q6, and define the 
classical weight lattice Pci and the dual weight lattice P^i by: 

p^i = cl(P) = Zcl(Aj) and P,^ = Z/i^- C P"" . (2.1.4) 



--ci — jr / yyiu n P), and that Pd can be identified with Homz(P^^,Z) as a Z- 
module by: (cl(A))(/i) = X{h) for A G P and /i G P,^. The quintuple (A, cl(n), H^, Pd, P,^) 
is called a classical Cartan datum (see |HK[ Section 10.1]). 
We set 

A := A^'^ n ^Za^-, A+ := A";^^ n ^Za^-, (2.1.5) 
n := {«,}^.^,^^ C n, := (r, | j G Jq) C H^. (2.1.6) 



o o o 



Note that A = WH. In this paper, we call a root /5 G A a long (resp., short) root in A if 

o o 

/3) > (7,7) for all 7 G A (resp., otherwise). For each /3 G A, we set 

C/3 := max < 1, — - — > . (2-1-7) 



Note that = cp for all /5 G A and w E W, since the bilinear form (■ , ■) on f)* is 
VT- invariant. 

Remark 2.1.1. By direct computation, we obtain the following: 

o 

(1) If g is nontwisted, then {aj, aj)/2 = 1 for every long simple root aj G 11, and {aj, Oij)/2 
is equal to 1/3, 1/2, or 1 for each j G Jq. Therefore, we have Ca^ = 1 for all j E Iq, and 

o 

hence cp = 1 for all /3 G A. 

o 

(2) If g is twisted, then {aj,aj)/2 = 1 for every short simple root aj G 11, and {aj,aj)/2 
is equal to 1, 2, or 3 for each j G Iq. Therefore, we have c^^. = {aj,aj)/2 for all j G /q, 

o 

and hence for each /5 G A, 

{(3 (3) I 1 if /3 is a short root in A, 

I 2 or 3 if /5 is a long root in A. 



For j G Jo, we set 



(2) 

aj if g is twisted, and not of type , 



otherwise. 
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and r := Ejg/o (^^^ (6.5.8)]). For (3 e T, we denote by tf3 G GL(f)*) the 

translation of P)* with respect to P (see |Kac| (6.5.2)]). We know from |Kac| (6.5.6)] that 
T := [tp I /5 G r} is an abehan group, and from |Kac| Proposition 6.5] that the Weyl 

o o 

group W of Q decomposes into the semidirect product W t< T of the Weyl group W (of 
finite type) and the group T of translations. 

2.2 Real roots of an afRne Lie algebra and their finite parts. The following 
proposition immediately follows from jKact Proposition 6.3] and Remark 12.1.11 

(2) r ° 

Proposition 2.2.1. (1) If q is not of type A^/ , then A^J: = {/3 + ?t,c^(5 | /3 G A+, n G 

Z>o} U {-/3 + nCf36 I /3 G A+, n G Z>i}. 

(2) 

(2) // ^s o/ type A^^l j then 

A+ = {/3 + I /3 G A+, n G Z>o} U + nc/j^ | /5 G A+, n G Z>i} U 

o 

{\{I3 + (2n - 1)5) I /3 is a long root in A, ne Z>i}. 

O 

Definition 2.2.2. For ^ G A^, we define the finite part ^ G of ^ as follows: 

o 

(1) If ^ is of the form ^ = j3 + nc^S with /5 G A and n G Z>o, then we set ^ := sgn(^)^, 

o o 

where sgn(/?) := 1 if /? G A+, and sgn(/?) := -1 if /? G -A+. 

(2) If i is of the form ^ = l(/5 + (2n - 1)5) with /3 G A and n G Z>i, then we set 
I := sgn(/?)/?. 

2.3 Level-zero integral weights. 

Definition 2.3.1. An integral weight A G P is said to be level zero if A(c) = 0. An 
integral weight A G P of level zero is said to be level- zero dominant if \{hj) > for all 

J e Jo- 

For each i G Iq, we define a level-zero fundamental weight Wi & P by: Wi = Ai — a/Ao, 
and di G Z>o by: 

{1 if is of type A^^ and i = i, 
(2.3.1) 
otherwise. 

Lemma 2.3.2. Let A = "^i^j^^i^i, with nii G Z>o fori G /q, 6e a level-zero dominant 
integral weight. Then, TX = A + (XliG/o ^A'^) ^■ 

Proof. We deduce from Remar k (2 . 1 . 1 1 and the definition 1)2.3.11) of di that (tUj, aj) = 5ijdi 
for all i, j G Iq- Since A is level-zero, it follows from |Kac| (6.5.5)] that t^A = A — {X, P)5 
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for all /9 G r. Therefore, we have 

TA = A + (A, r)5 = A + ( ^(A, 5j)Z j 6 

= A + j nii^zui, 5j)Z 1 (5 = A — j niidiZ j 6. 

This proves the lemma. □ 
Lemma 2.3.3. Let A = TTiiVJi, with mi G Z>o for i G /q, he a level-zero dominant 

o o 

integral weight. Then we have WX C A — (5+ + Zf(5, where := Xlje/o ^>oQ^i- 
Proof. We have 

VI/A = W^TA C W^(A + Z6) by Lemma 

o o 

= WX + Z5 C A — (5+ + Zi(5 since A is level- zero dominant. 

This proves the lemma. □ 

For a real root /3 G A'^^, let /S"^ G f) denote its dual root. The proof of the following 
lemma is straightforward. 

Lemma 2.3.4. (1) Let ^ G A"^ be a positive real root of the form ^ = /? + nc/j^ with 

o 

P E A and n E Z, and let u E P be a level-zero integral weight. Then, = i^iP"^), 

and r^{u) = v- u{(3'')(3 - u{(3'')ncp6. 

o 

(2) Let ^ G A'^ be a positive real root of the form ^ = ^{(3 + {2n — 1)5) with /3 G A 
and n G Z, and let u E P be a level-zero integral weight. Then, z^(^'^) = 2z/(/5'^), and 
r^{u) = v- i/(/3^)/5 - i/(/3^)(2n - 1)5. 

2.4 Definition of cr-chains. 

Definition 2.4.1. Let /i, z/ G P be integral weights. We write /i > z/ if there exist a 
sequence \i = v^, v^, ■ ■ ■ , Vk = '^'^ integral weights and a sequence ^i, . . . , ^a; of positive 
real roots such that vi = r^j(z/;_i) and h'i_i{^^) G Z<o for 1 < / < A; (we write > u 
if yU > z/ or yU = z/). In this case, the sequence z/q, z^i, . . . , Vk above is called a chain for 
{^Ji,v). If /i > z/, then we define dist(/i, z/) to be the maximum length k of all possible 
chains for (/i, z/). 



7 



Remark 2.4.2. Let /i, z/ G P be integral weights such that jj > u. Let = z/q, z/i, . . . , i/^ = 
1/ be a chain for (/x, z/), and assume that both ^i, . . . , and Ci, • • • , Cfc are sequences of 
positive real roots corresponding to the chain = z/q, z^i, . . . , z/^ = z/. Then it immediately 
follows from jNS2| Lemma 2.1.4] that C,i = Ci for all 1 < / < /c. Thus, a sequence of positive 
real roots corresponding to each chain is uniquely determined. 

Remark 2.4.3. (1) Let fi, u E P he integral weights such that fi > u. Assume that 
fi = uq, ui, . . . , Uk = z/ is a chain for (/i, z/), with ^i, . . . , the corresponding positive 
real roots. Then it follows that u — fx G Yl'i=i '^>o^i- In particular, u — fi E \ {0}, 
where Q+ := Zlje/^>o'^i- 

(2) Let fi E P, and assume that fi{hj) E Z<o for some j E I. Then we have /i > rj{fi). 
Furthermore, it immediately follows from part (1) that dist(/i, rj{fi)) = 1. Indeed, assume 
that dist(/i, rj{ji)) = k, and let ^i, . . . , be the positive real roots corresponding to a 
chain of the maximum length. Then, by part (1), we have —fi{hj)aj = rj{fi) — fi E 
+ Yl^=2 ^>o6- Therefore, from the linearly independence of the simple roots, we 
obtain that ^/ = aj for all 1 < I < k. Hence we have k = 1, since = aj implies = hj. 

Lemma 2.4.4. Let fi, v E P he level-zero integral weights. Assume that fi > u and 
dist(yU, z/) = 1, and let ^ E A"^ be the corresponding positive real root. Then, ^ is one of 

o o 

the following forms: C, = P with [3 E ^ = —[3 + cpd with (3 E A+, or ^ = + 5) 

o 

with /3 E 

o 

Proof. First, suppose that ^ = P + ncpS for some (3 E A_|_ and n E Z>i. Then we see from 
Proposition 12.2. J that ^' := —j3 + nc^5 is a positive real root. By simple computations 
(using Lemma f2.3.4|) . we can easily verify that 

uo := /i, z/i := r/3(/i), U2 := rg/r/3(/i), z/3 := rpr(^,rp{fj) = v 

is a chain for (/i, v). Hence we have dist(/i, z/) > 3, which is a contradiction. 

o 

Now, suppose that ^ = —(3 + ncpb for some (3 E A+ and n E Z>2. Then we see from 
Proposition 12.2. II that := /5 + (n — 2)c/j5 and ^" := — /3 + C/j5 are positive real roots. By 
simple computations (using Lemma f2.3.4|) . we can easily verify that 

z/Q := /i, vx := r^»{fi), 1^2 ■= r^>r^»{fi), z/3 := r^>'r^>r^>>{fi) = v 

is a chain for (/i, v). Hence we have dist(/i, v) > 3, which is a contradiction. 

o 

Now, suppose that ^ = + (2n — 1)5) for some P E A+ and n E Z>i; note that g 
is of type A^^ . Then we see from Proposition 12.2. ll f2) that ^' := |(— /? + {2n — 1)6) is 
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a positive real root. By simple computations (using Lemma r2.3.4j) . we can easily verify 
that 

z/Q := /i, z/i := r/3(/i), z/2 := r^,rp{^), z/3 := rpr(.,rp{^) = v 
is a chain for (/i, z/). Hence we have dist(/i, v) > 3, which is a contradiction. 

o 

Finally, suppose that ^ = |(— /3 + {2n — 1)5) for some P G A+ and n G Z>2; note that 
is of type A'"^^ . Then we see from Proposition 122111(2) that C ■= ^{P + (2^ - 3)5) and 
^" := |(— /3 + 5) are positive real roots. By simple computations (using Lemma r2.3.4j] . 
we can easily verify that 

i/o:=/i, z/i := r5//(/i), ■= r^'r^>'{fi), ■= r^nr^>r^>'{fi) = u 

is a chain for (/x, z/). Hence we have dist(/i, z/) > 3, which is a contradiction. This proves 
the lemma. □ 

Definition 2.4.5. Let fi, u E P he integral weights such that fi > ly, and let < a < 1 
be a rational number. A a-chain for (/i, u) is, by definition, a sequence fi = uq > ui > 
■ ■ ■ > Vk = ^ oi integral weights satisfying either of the following conditions: 

(1) /c = and /x = z/q = z/, or 

(2) A; > 1, and dist(z/i_i, z/^) = 1 and G o"~^Z<o for every 1 < / < fc, where is 
the positive real root corresponding to the chain for (z/i_i, i^i), 1 < I < k. 

Using the fact that 5(/?'^) = for all f3 G A^^, we can easily derive the following lemma. 

Lemma 2.4.6. Let ^, u E P be integral weights such that fJ^ > ly, and let < a < 1 be a 
rational number. If there exists a a -chain for (/i, u), then there also exists a a -chain for 
{fi -\- n5, z/ + n5) for each n G Oq^Ij. 

2.5 Path crystals with weight lattice P, or Pci- A path with weight in P is, by 
definition, a piecewise linear, continuous map vr : [0, 1] — Q ®z -P from [0, 1] := [t G 
Q|0<t<l}toQ(g)2;P such that 7r(0) = and 7r(l) G P. We denote by P the set 
of all paths vr : [0, 1] — > Q (8)^ -P with weight in P. For two paths tti, 112 G P, we define 
TTi ± TTa G P by: (tti ± 7r2)(t) = 7ri(t) ± n^it) for t G [0, 1]. 

Definition 2.5.1. Let vr G P be a path with weight in P. A pair (z/; a) of a sequence 
z/ : z/i, z/2, . . . , i^s of integral weights and a sequence g_ : = o-q < ai < ■ ■ ■ < ag = 1 of 
rational numbers is called an expression of vr if the following equation 

u-l 

n{t) = ^i<7u' - o-«'-i)z/„/ + (t - o-„_i)z/„ for all (T„„i < t < cr„, 1 < M < s, (2.5.1) 



holds. If [u] a) is an expression of a path tt G P, then we write tt = (i^; a). 

Remark 2.5.2. An expression for a path vr G P is uniquely determined, up to the following 
two operations: 

(1) Let (z^i, 1^2, ■ ■ ■ , ctq, cTi, . . . , cTs) be an expression of a path tt G P. If z/^ = Uu+i 
for some < m < s — 1, then we can "omit" z/„ and from this expression of vr. For 
example, if vr = (z^i, z/2, z/3 ; ctq, ai, cr2, as) and 1^2 = ^3, then (z/i, 1/3 ; (Tq, ci, as) is also 
an expression of vr, i.e., vr = (z/i, z/3 ; cxo, ai, (T3). 

(2) Let (z/i, z/2, . . . , z/s ; (To, (Ti, . . . , (Ts) be an expression of a path tt G P. If < r < a^^i 
for some < m < s — 1, then we can "insert" r into this expression of vr. For example, 
if TT = (z/i, z/2 ; ctq, cTi) o'2) and ctq < t < o"i, then (z/i, z/i, z/2 ; (Tq, r, ai, cr2) is also an 
expression of vr, i.e., vr = (z/i, z/i, z/2 ; o"o, r, ai, CT2). 

For an integral weight z/ G P, let us denote by ir^, the straight line connecting G P 
with z/ G P, i.e., 7rj,(t) := tu for t G [0, 1]. Note that has an expression of the form: 

TT^ = ( z/, z/, ■ . . , z/ ; o-Q, ai, . . . , (2.5.2) 

s times 

for each = ctq < o"! < ■ ■ ■ < = 1- 

For each j G /, we denote by Cj, fj : PU{0} ^ PU{0} the root operators corresponding 
to the simple root aj, which are introduced in |L2| Section 1] (see also |NS2| Section 1.2] 
for an explicit description of ej and /-,). Here the is an additional element corresponding 
to the in the theory of crystals. For each j G /, we define S'j : P — P by: 

■/-vr if n=(7r(l))(/.,)>0, 
SjTi = { (2.5.3) 



e. 



-"vr if n = {n{l)){hj) < 0, 



for TT G P. We know from JL2', Theorem 8.1] that there exists a unique action S :W ^ 
Bij(P), w ^ Syj^ oi the Weyl group W on the set P of all paths such that S^.^ = Sj for all 
j G /, where Bij(P) denotes the group of all bijections from the set P to itself; if w & W 
equals Ti^Vi^ ■ ■ -rj^ for some ji, j2, . . . , ji E I, then = Sj^Sj^ ■ ■ ■ Sj^. Note that we have 
(S'^7r)(l) = w{7t{1)) for all w E W and vr G P. Moreover, we know from jGH Lemma 5.2] 
that 

S'wT^u = T^wu for z/ G P and w G W. (2.5.4) 

Definition 2.5.3. A path tt G P is said to be extremal if for every w G W, either 
CjSw'n' = or fjSujT!' = holds for each j E I. 
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Remark 2.5.4. We can easily deduce from ()2.5.4|1 and the definition of an extremal path 
that for every u & P, the straight line tti, G P is an extremal path. 

A path with weight in Pd is, by definition, a piecewise linear, continuous map rj : 
[0, 1] ^ Q^z Pel from [0, 1] = {t G Q | < t < l} to Q ®z ^ci such that r/(0) = and 
ri{l) G Pel- We denote by Pd the set of all paths r/ : [0, 1] Q ®z -Pel with weight in Pel- 
For TT G P, we define a path cl(7r) G Pd by: (cl(7r))(t) = cl(7r(t)) for t G [0, 1]. 

Remark 2.5.5. Let vr be a path with weight in P, and vr = {ui, 1/2, . . . , z/^ ; ao, ai, . . . , o"s) 
an expression of vr. Then the path cl(7r) with weight in Pd has an expression of the form: 
cl(7r) = (cl(z/i), cl(z/2), . . . , cl^Us) ; ctq, o'l, . . . , as). Here an expression of a path with 
weight in Pd is defined similarly to that of a path with weight in P (see Definition 12.5.11) . 

Root operators on Pd U {0} are defined similarly to those on PU {0}; we denote them 
also by Cj and fj for each j E I. We know from jNS3[ Lemma 2.7(1)] that 

cl(ej7r) = Cj cl(7r), cl(/j7r) = fj cl(7r) for tt G P and j G /, (2.5.5) 

where cl(0) is understood to be 0. Note that we have a natural action of the Weyl group 
on Q ®z Pel — f)*/Q5, since W6 = 6. In the same manner as we defined Sw, w G W, 
on P, this time using root operators on Pd, we can define an action, also denoted by S^, 
w G W, of the Weyl group W on the set Pd such that (5'^?7)(1) = w{ri{l)) for every 
w E W and 77 G Pd- In fact, we have 

cl(^^7r) = c\{tt) for every w G 1^ and vr G P. (2.5.6) 

A path ?7 G Pd is said to be extremal if for every w G W, either ajS^ri = or /jS^ri = 
holds for each j G /. 

Remark 2.5.6. It immedaitely follows from ()2.5.6|1 that a path vr G P is extremal if and 
only if cl(vr) G Pd is extremal. In particular, it follows from R.emark l2 . 5 . 41 that the straight 
line c\{iTy) G Pd is extremal for every v E P. 

2.6 Lakshmibai-Seshadri paths. Let A G P be an integral weight. Now we give 
the definition of a Lakshmibai-Seshadri path of shape A. 

Definition 2.6.1 (cf. |L2L Section 4]). A Lakshmibai-Seshadri path (LS path for short) 
of shape A is a path vr G P having an expression of the form: (z/i, z/2, . . . , Vs] ctq, en, • • • , cTs), 
where i/i, 1/2, . . . , i^s G W\, and where for each 1 < m < s — 1, there exists a cr^t-chain for 
(z/^i, Vu+i)- We denote by B(A) the set of all LS paths of shape A. 
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Remark 2.6.2. (1) Let tt be an LS path of shape A, and {ui, 1/2, . . . , z/^ ; ao, cxi, . . . , cr^) 
an arbitrary expression of it. Then, we see from R.emark 12 . 5 . 21 that z/i, z/2, . . . , G WX, 
and that for each 1 < m < s — 1, there exists an a^-chain for (z/^, Uu+i). 

(2) It can easily be seen from part (1) and ()2.5.2|) that tt^, G M{X) if and only if z/ G WX. 

(3) It follows from the definitions that B(wA) = B(A) for every w G W. 

Theorem 2.6.3 (jL2l Sections 2 and 4]). Let X E P be an integral weight. 

(1) We have 7r(l) e X + Q for all n e B(A), where Q := ^.^jZaj. 

(2) The set B(A) U {0} is stable under the root operators Cj and fj for all j G /. 

(3) We set 

wt(7r) := 7r(l) for vr G B(A), 

6j{7t) := max{/ G Z>o | e^vr ^ O} for vr G B(A) and j G /, (2.6.1) 
(Pjiir) := max{/ G Z>o | /jvr 7^ O} for vr G B(A) and j G /. 

r/ien t/ie sei B(A), together with the root operators cj, fj for j G / and the maps wt, ej, ipj, 
j G /, becomes a P-crystal, i.e., a crystal associated to the Cartan datum {A, 11, 11^, P, P^) 
(see |HK| Section 4.5 and Section 10.2]). 

Lemma 2.6.4. Let X = '^i^j^^nT-i^i, with mi G Z>o for i G Iq, be a level-zero dominant 

o 

integral weight, and let tt G B(A). Then, 7r(l) G A — a^^Qj^ + 

Proof. It follows from Theorem 12 . 6 . 31 f 1 ) that 7r(l) G A + Q. We set 9 := 5 — aoao (see |Kac| 

00 o 

Proposition 6.4]). Since 6 G A_|_ C (5+ and = "'^(5 — ^)7 we see that Q C ag ^Q+Oq ""^Z^, 

o o 

where Q := Yljeh ^^j- Hence we have 7r(l) G A + a^^Q + 

Let (z/i, z/2, . . . , z^s ; o"o, . . . , cr^) be an expression of the LS path vr G B(A) as in Def- 
inition E.6.11 Then it follows from Definition 12.5. II that 7r(l) = Xln=i(^" — cru-i)'^M; where 
z/i, z/2, . . . , z/^ G WX by the definition of an LS path. Hence we see from Lemma 12.3.31 
that 7r(l) G A — ^^g^^^ Q>o«j + Q5. Noting that a^, j G Iq, and 6 are linearly independent, 

o 

we deduce from the above that 7r(l) G A — ctQ ^<5_|_ + Oq^TjS. This proves the lemma. □ 

Let us set B(A)d := cl(B(A)) = {cl(7r) | tt G B(A)} C Pd. We know the following 
theorem from |NS3| Theorem 2.4 and Section 3.1]; 

Theorem 2.6.5. Let X E P be an integral weight. 

(1) The set B(A)ci U {0} is stable under the root operators Cj and fj for all j G /. 
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(2) We set wt(?7) := 77(1) G Pel for r] G B(A)cb (^''T'd define ej^r]) and (pj{ri) for r] G IB(A)ci 
and j E I as in ()2.6.Hl . Then, the set ]B(A)ci, together with the root operators ej, fj for 
j E I and the maps wt, ej, (pj for j G /, becomes a Pc\- crystal, i.e., a crystal associated 
to the classical Cartan datum (A, cl(n), H^, Pel, -P^) {see jHK| Section 10.2]). 

Here we summarize main results of |NS3j in the following theorem. 

Theorem 2.6.6 ([NS3', Section 3]). Let A = X]jG/o"^*^*' ^^^^ ^ ^-O ■^'^^ ^ ^ 
a level-zero dominant integral weight. Then: 

(1) The Pc\-crystal B(A)ci is connected. 

(2) There exists a unique isomorphism of P^- crystals B(A)ci — > ^^^j^^(M{tJi)c\)'^"^'' that 
maps d{TTx) to (S)ie/o ■ 

(3) The Pc\-crystal B(A)ci is simple {in the sense of |NS3| Definition 3.17]). Namely, the 
set of all extremal paths in B(A)ci coincides with the W -orbit of the straight line c\{ttx), 
and the set of all paths of weight cl(A) in B(A)ci consists only of the straight line cl(7rA). 

We proved in |NS2[ Propositions 3.4.1 and 3.4.2] that the Pd-crystal M{zui)ci is isomor- 
phic as a Pel-crystal to the crystal base of the (finite-dimensional, irreducible) level-zero 
fundamental module W{zui), introduced in jKas3[ Section 5.2], over the quantized uni- 
versal enveloping algebra f/q(0) of q (or rather, of the derived subalgebra [q,q] of g) over 
the field Q{q) of rational functions with weight lattice Pd. 

2.7 (5-shifts of paths. We know the following lemma from jNS21 Lemma 3.3.1]. 

Lemma 2.7.1. Let vr, vr' G W, and let F : [0, 1] ^ Q 6e a piecewise linear, continuous 
map such that F{0) = and F{1) G Oq^Z,. Assume that 7r{t) = vr'(t) + F{t)5 for all 
t G [0, 1]. Then: 

(1) For each j G /, ejir = if and only if Cjix' = 0. Moreover, if ejir' 7^ 0, then 
{ej7i){t) = {ejn'){t) + F{t)5 for all t G [0, 1]. 

(2) For each j G /, fjii = if and only if fjir' = 0. Moreover, if fjTr' 7^ 0, then 
{f,n){t) = {f,n'){t) + F{t)6 for all t G [0, 1]. 

Lemma 2.7.2. Let tt, tc' G W, and let F : [0,1] ^ Q be a piecewise linear, continuous 
map such that F{0) = and F{1) G Oq ^Z. Assume that 7r{t) = vr'(t) + F{t)5 for all 
t G [0, 1]. Then, for each weW, (5^7r)(t) = {S^Ti'){t) + F{t)5 for all t G [0, 1]. 
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Proof. It immediately follows from Lemma r2.7.1l and ()2.5.3j) that for each j G /, {SjTT){t) = 
{Sj7!'')(t) + F(t)6 for all t G [0, 1]. Using this equation, we can easily prove the lemma by 
induction on the length i{w) of w E W. □ 

From Remark I2.5.4t using Lemmas 12.7.11 and 12.7.21 we obtain the following lemma. 

Lemma 2.7.3. Let u E P be an integral weight, and let F : [0,1] —>■ Q be a piecewise 
linear, continuous map such thatFifi) = andF{l) E Oq^Z. Then, the path 'Ky{t)+F{t)5 , 
t G [0, 1], is extremal. 

The next lemma immediately follows from Definition 12.6.11 by using Lemma 12. 4.61 

Lemma 2.7.4. Let \ E P be an integral weight, and let n E a^^^L. Then we have 
l(A + n5) = B(A) + 7r„5. 

3 Connected components of the P-crystal B(A). 

3.1 Main result. Let A G P be an integral weight of level zero. Then, A is equiv- 

o 

alent, under the Weyl group W{(1 of finite type, to a unique level-zero dominant 
integral weight. Since we are interested in the crystal structure of the set B(A) of all 
LS paths of shape A, we may (and do) assume, in view of Remark I2.6.2l f3). that X E P 
is a level-zero dominant integral weight. Hence, we can write the A G P in the form 
Yli^io ^i^i + with m-j G Z>o for i E Lq and n E ^Z. Furthermore, it follows from 
Lemmas 12.7.11 and 12.7.41 that ^{J2ieio''^i^i + — ^{'^ieio^i'^i) + ^"'J' ^^^^ 
P-crystal IB(^.g^^^ mjtUj + n5) is "isomorphic" (up to a shift of weights by n6) to the 
P-crystal B(Eie/o 

niiZUiY Thus, the problem of determining the P-crystal structure of 
B(A) for a level-zero integral weight A G P is reduced to that for the case in which the 
A G P is of the form: 

A = ^^mjtUj, with nii E Z>o for i E Lq. (3.1.1) 

Therefore, in the remainder of this paper, we take (and fix) a level-zero dominant integral 
weight A of the form 1)3.1.11) . 

Now we set Supp>2(A) := G Jo | > 2}, 

Turn(A) := |J {g/mi | 1 < g < - l}, (3.1.2) 

ieSupp>2(A) 

and then denote by s the number of elements of Turn(A) plus 1. When the set Turn(A) 
is nonempty, we enumerate the elements of Turn(A) in increasing order as follows: 

Turn(A) = [r, < < ■ ■ ■ < r,_i}, (3.1.3) 
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where Tu denotes the u-th smallest element in Turn(A) for 1<m<s — l;by convention, 
we set To := and := 1. For each 1 < m < s — 1, we write r„ G Turn(A) as Tu = qu/Pu, 
where pu, Qu G ^>o are coprime, and then set Io{X,pu) ■= {i G Iq \ mi G PxJL\- 

The aim in this section is to prove the following theorem, which gives a parametrization 
of the connected components of the P-crystal IB(A). 

Theorem 3.1.1. (1) Let tt G P 6e a path that has the following expression: 
(A - Ni6, . . . , A - Ns-i6, A ; tq, n, . . . , r^.i, r^), 

with Nu — Nu+i G mjdjZ>o for 1 < m < s — 1, (3.1.4) 

ie/o(A,pn) 

where Ng := 0. Then, tt is an extremal LS path of shape A. 

(2) Each connected component of the P-crystalM{X) contains exactly one (extremal) LS 
path having an expression of the form ()3.1.4|1 . 

(3) The set of all extremal LS paths in each connected component of the crystal B(A) 
coincides with the W -orbit of an LS path having an expression of the form ()3.1.4|1 . 

Let Bo(A) denote the connected component of B(A) containing the straight line ttx', 
note that tt\ has an expression of the form for A^i = ■ ■ ■ = N^-i = 0. We deduce 

from Theorem 13.1. If along with Lemma 12. 7. If that each connected component of B(A) 
is "isomorphic" (up to a shift of weights by a constant multiple of 6) to the connected 
component Bo(A). In other words, the crystal graph of B(A) consists of "copies" of that 
of Bo(A). Furthermore, it follows from Theorem 13. 1 . II that these copies are parametrized 
by the sequences {Ni, N2, . . . , Ng-i) of nonnegative integers satisfying the condition that 
Nu — Nu+i G '^j^ig(Xp^)fnjdjZ>Q for 1 < M < s — 1, where A''^ := 0. Later in Section HI 
we will study the P-crystal structure of the connected component Bo(A). 

3.2 Some preliminary lemmas. The following lemma immediately follows from 
Lemma 12.3.41 

Lemma 3.2.1. (1) Let C, G A'^ be a positive real root of the form ^ = —f3 + 0/36 with 

o 

P G A+, and let u E P be a level-zero integral weight. Then, i^(^^) = — 1^(/?^), and 
rg(z/) = z/-z/(/5^)/5 + z/(/5^)c^5. 

o 

(2) Let^ G A^_^ be a positive real root of the form ^ = i(— with (3 G A+, and let v G P 
be a level-zero integral weight. Then, z/(^^) = — 2z/(/5^), andr^{u) = z/ — 1/(/?^)/3 + 1/(/?^)(5. 

We derive the next lemma from Lemma f3. 2. 11 
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Lemma 3.2.2. Let ^ G A"^ be a positive real root of one of the following forms: C, = P 
with (3 G A+, ^ = -/5 + Cf36 with (3 G A+, or ^ = ^{-/3 + 6) with (3 E A+. Let u e P be 
a level-zero integral weight. Then, we have r^(z^) = r^lu) + n6 for some n G Z. 

Definition 3.2.3 (see Lemma 12. 3. 3p . Let A be the (fixed) level-zero dominant integral 

o 

weight of the form ()3.1.1|) . and write each z/ G WX as u = X — a + n6 with a G Q_^_ and 
n G Z. We set 

fin(i/) := a, D{u) := n, (3.2.1) 
and call the fin(z/) = a above the finite part of u. 

o 

For a = J2jeio '^3^3 ^ we define the support supp(a;) C /q of a by: 

supp(a) = {jG Jo I M,^0}. (3.2.2) 

o 

Lemma 3.2.4. (1) Let ^ G A"^ be a positive real root of the form: ^ = (3 E A_|_, and 
assume that v G WX satisfies i^(^^) G Z<o- Then we have 

supp(fin(z/)) = supp(fin(rg(z/))) U supp(/3), 

o 

(2) Let ^ G A^_^ be a positive real root of the form: C, = —{3 + Cf^d with (3 G A+, and 
assume that v G WX satisfies z^(^^) G Z<o. Then we have 

supp(fin(r5(z/))) = supp(fin(z/)) U supp(/3), ^ 
Dir^iu)) = Diu) + ui^cp. 

o 

(3) Let ^ G A^_^ be a positive real root of the form: ^ = |(— /? + S) with [3 G A_|_, and 
assume that v G WX satisfies vi^^^ G Z<o- Then we have 

supp(fin(r^(z/))) = supp(fin(z/)) U supp(/3), ^ 
D(r^(z.)) = D(z.) + K/5V). 

Proof. (1) First, note that z/ = A — fin(z/) + D{v)5 by the definition of fin(z/) and D{v) 
(see Definition I3.2.3j) . Therefore, we have 

r^{v) = v- v{e)i = v- z/(/?^)/3 = A - {fin(z/) + z/(/5^)/?} + D(z/)(5. 

Hence we obtain that fin(r^(z/)) = fin(z/) + z/(/5^)/3 and Z}(r^(z/)) = D(v). Since v{^i3^^ = 
z/(^^) G Z<o by assumption, we deduce that supp(fin(z/)) = supp(fin(rg(z/))) U supp(/3). 
This proves part (1). 
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(2) Because r^{u) = v-v{(3'^)(3+v{l3'^)c^5 by Lemma lTO n 1. and v = X-fin{u) +D{u)6 
by definition, we have 

r^iu) = A - {fin(z/) + z/(/3^)/5} + {D{u) + z/(/5^)c^}5. 

Hence we obtain that fin(r^(z/)) = fin(z/) + z/(/5^)/5 and £'(r^(z^)) = D{u) + p{l3'^)cp. 
Since G Z>o by Lemma l5.2.1l fl). we deduce that supp(fin(r^(z/))) = supp(fin(z/)) U 

supp(/5). This proves part (2). 

(3) Because r^{v) = z/-z/(/3^)/? + i/(/?^)(5 by LemmaEI2IIl(2), and u = A-fin(z/) + 
by definition, we have 

r^{iy) = A - {fin(z/) + z/(/5^)/3} + {D{iy) + z/(/5^)}5. 

Hence we obtain that fin(r^(z/)) = fin(z/) + z/(/5^)/5 and D{r^{v)) = D(z/) + Because 
G Z>o by Lemma l3.2.1l f2). we deduce that supp (fin (r^z/)) = supp(fin(z/)) Usupp(/5). 
This proves part (3). □ 

o 

Lemma 3.2.5. Let f3 = X]je/o "^j^J '^'^ element of A^, with Uj G Z>o forj G /q- Then, 
Uj{aj,aj)/{p,p) G Z>o /or a// j G Iq, and \{I3^) = Y.jeh^j^ii^i^^j)/if^^l^)- 

Proof. Since Uj G Z>o for all j G Jq, it follows from |Kac[ Proposition 5.1 (d)] that 
Uj{aj,aj)/{P, P) G Z>o for all j G Jq. Furthermore, we deduce that 



This proves the lemma. □ 

3.3 Necessary condition for the existence of a (g/p)-chain. Let A be the (fixed) 
level- zero dominant integral weight of the form 1)3.1.11) . This subsection is devoted to 
proving the following proposition. 

Proposition 3.3.1. Let 1 < q < p be coprime integers, and let N E "Z. Assume that 
there exists a {q/p)-chain for (A, A + N6). Then, N G J2jeio{\p) TTT^jdj'^yo- 

From Proposition 13.3.11 along with Lemma I2.4.6[ we obtain the following corollary. 

Corollary 3.3.2. Let 1 < q < p be coprime integers, and let N', N" G Z. Assume that 
there exists a {q/p)-chain for (A — N'6, A — N"6). Then, N' — N" G J2jeio{Xp) ^jdjZ>Q. 
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Now, let A = z/q > 1^1 > • ■ ■ > '^fc = A + N6 be a (g/p)-chain for (A, A + N6), 
with ^1, ^2, ■ ■ ■ , the corresponding positive real roots; recall from Definit ion 12 . 4 . 51 1 hat 
z/;_i > ui = r^;(z/;„i), with dist(z/;_i, z/;) = 1, and ui^i^^^) G pZ<o for all 1 < Z < A;. For 

o 

each 1 < I < k, let us denote by Pi G A+ the finite part of C,i G (see Definition l2.2.2j) . 
Since dist(z//_i, ui) = 1, we know from Lemma [2 . 4 . 41 1 hat is of one of the following forms: 
= Pi, C,i = —Pi + Cpi5, or ^i = |(— A + We define subsets Pos, Negj^, Neg2, and Neg 
of |l, 2, . . . , A;} as follows: 

Pos = {l<l<k\^i = pi}, (3.3.1) 

Negi = {l<l<k\^i = -Pi + cp,5}, (3.3.2) 

Neg2 = {l<l<k\^i = i(-A + S)}, (3.3.3) 

Neg = Negi U Negg . (3.3.4) 

Note that Negg = unless g is of type A^^e ■ 
Remark 3.3.3. We know from Lemma f3 . 2 .41 that 

{supp(fin(z/i_i)) = supp(fin(z/;)) U supp(/3i) if / G Pos, 
(3.3.5) 
supp(fin(z/i)) = supp(fin(z/;_i)) U supp(A) if / G Neg, 

and that 

if / G Pos, 




D{ui) = { D{ui_^) + z^i-i(A^)cft if / e Negi, (3.3.6) 
z/;_i(/3r) if /GNeg2. 

o 

Lemma 3.3.4. /// G Pos, then fin(z/;_i) — fin(z/i) G 

Proof. We see from the proof of part (1) of Lemma 13.2.41 that fin(z/;) = fin(rgj(z/i_i)) = 
fin(z//_i) + z/i_i(/5j~^)/5i. Also, it follows from the definition of a (g/p)-chain that ui-ii^P^) = 
i^i~i{^i^) G ]5Z<o (note that / G Pos). Therefore, we obtain that fin(z/i_i) — fin(i//) = 

o 

—ui-i{P]')Pi G This proves the lemma. □ 

We set /o(A,p) := [i E Iq \ rrii E pZ}. 
Lemma 3.3.5. The support supp{Pi) of Pi is contained in the set Iq{X,p) for all 1 < I < k . 
Proof Suppose that there exists 1 <l < k such that supp(/9/) (t Io{\,p). We set 

$ := {1 < / < A; I supp(A) ^ /o(A,p)} ^ 0. (3.3.7) 
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Claim 1. Neither $ fl Pos nor $ fl Neg is empty. Moreover, if we set Iq := max($ fl Pos) 
and ko := max($ fl Neg), then we have ko < Iq. 

First, we note tliat botli of the sets $ fl Pos and $ fl Neg are not empty, since $ 7^ 0. 
Now, suppose that $nNeg = 0. Then we have $nPos 7^ 0. Set Zq := min($nPos), and let 
i G supp(/5;^) be such that rrii ^ pZ. Since supp(fin(z/i^_i)) = supp(fin(z/;^'j)) Usupp(/5;j'J by 
()3.3.5|) . it follows that i G supp(fin(z//jj_i)). Then, because supp(fin(z/o)) = supp(fin(A)) = 
supp(O) = 0, there exists I < I < I'q — 1 such that i ^ supp(fin(z/;_i)) and i G supp(fin(z/;)). 
Hence we have supp(fin(z/i_i)) supp(fin(z//)). Therefore, we deduce from ()3.3.5|1 that 
/ G Neg, and supp(fin(z/i)) = supp(fin(z//_i)) U supp(/?i). Since i ^ supp(fin(z/i_i)) and 
i G supp(fin(z/j)), we see that i G supp(/9/). As a result, we obtain that / G $ fl Neg, and 
hence $ fl Neg 7^ 0, which is a contradiction. Thus we conclude that $ fl Neg 7^ 0. 

Set ko := max($ fl Neg), and let i G supp(/3fco) be such that ^ pZ. Since 
supp(fin(i/fcj) = supp(fin(z/fco_i)) Usupp(/3fco) by (jSISini), it follows that i G supp(fin(i/fco))- 
Then, because supp(fin(z/fc)) = supp(fin(A + N6)) = supp(O) = 0, there exists k > I > ko 
such that i G supp(fin(i//_i)) and i ^ supp(fin(i//)). This implies that supp(fin(z//_i)) ^ 
supp(fin(z/i)). Hence we deduce from (I3.3.5j) that / G Pos, and that supp(fin(z/i_i)) = 
supp(fin(z/i)) U supp(/9i). Since i G supp(fin(z/;_i)) and i ^ supp(fin(z/i)), we see that 
i G supp(/3i). As a result, we obtain that / G $ fl Pos, and hence $ fl Pos 7^ 0. Further- 
more, since / > ko, we have lo > ko. This proves Claim ^ 

o 

Since Iq G Pos, we see that i^i^-i and are contained in the same VT-orbit. Let A' 

o o 

be the unique level-zero dominant integral weight in Wvi^^i = Wvi^. Then, it follows 

o 

that A' = A + n'5 for some n' G Z. Indeed, since W = W x T, & WX can be written 

o 

as w'w"\ for some w' (z W and w" G T. Hence we have {w')~^vi^ = w"\ G TA. Since 
TA C A + Z(5 by Lemma 12.3.21 we have w"\ = A + n'5 for some n' G Z. Therefore, 

o 

{w')^^vi^ = A + n'5 is a level-zero dominant integral weight contained in Wvi^. Thus we 
conclude that A' = {w')~^Ul^^ = A + n'5. 

00 o 

Now, let G W (resp., G W) be the shortest element in W such that z/;q_i = 

WZ(,_i(A + ?2'(5) (resp., = wig{X + n'5)). 

o 

Claim 2. Assume that wi^^ = Tj^^rj^^^ ■ ■ -r^^ is a reduced expression of wi^ G W , where 
ji, • • • , jK-i, 3k e Iq. Then, ji, j2, ■ ■ ■ , Jk are all contained in /o(A,p). 

We set /io := X + n'5, and fi^ '■= rj^rj^_^ ■ ■ ■ rj^{X + n' 5) ioi \ < L < K; note that = 

o 

ui^y Since rjj^rjj^_^ ■ ■ -rj^ is a reduced expression of the shortest element G such 
that i^ig = tyio(A + ?7,'(5), it follows that /ii_i(/ij^) 7^ for all 1 < L < K. Suppose now that 
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fiL-i{hj^) < for some 1 < L < K. Then we have rj^ ■ ■ ■ rj^^ -^^aj^) G — A+, since A + n'6 
is level- zero dominant. Hence, using |Kac| Lemma 3.10], we deduce that r^^ ■ ■ ■Tj^_^rjj^ 
is not a reduced expression, which contradicts our assumption that f j j _i ■ ■ ■ fj^ is a 
reduced expression of wj^. Thus we obtain that fiL^i{hj^) > for all 1 < L < K, and 
hence that 

K 

^Iq = fJ'K = >^ - '^fJ'L-iihjJ aj^ + n'5. (3.3.8) 

Therefore, if the assertion of Claim |21 is false, then supp(fin(z/iQ)) must contain some 
2 G /q such that i ^ Iq{X,p). Then, since fin(z/fc) = fin(A + N6) = 0, there ex- 
ists k > I > Iq such that i G supp(fin(z/;„i)) and i ^ supp(fin(z/i)). This implies 
that supp(fin(z/;_i)) ^ supp(fin(z/;)). Hence we deduce from fj3.3.5|) that / G Pos, and 
supp(fin(z/i_i)) = supp(fin(z/;)) Usupp(/5;). Since i G supp(fin(z/i_i)) and i ^ supp(fin(z/;)), 
we see that i G supp(/9;). As a result, we obtain that / G $ fl Pos and I > Iq, which 
contradicts the definition: Iq = max($ fl Pos). This proves Claim |21 

Because i^io-i > and dist(z/;(,„i, z/;„) = 1, we see from jL2[ Remark 4.2] that w^o-i 

o 

is greater than wi^ with respect to the Bruhat ordering on W , and ^{wl^^-l) — (-{wi^) = 1. 
Therefore, the reduced expression of wi^ above is obtained from a reduced expression of 

o 

wig^i by removing a simple reflection r^^ for some io G Iq. Namely, wjq-i G W has a 
reduced expression of the form: Wzg-i = rj^ ■ ■ ■ fj^^^-^Ti^^Tjj^^ ■ ■ -Tj^. 

Claim 3. The iq G Iq above is not contained in Iq{X,p). 

It immediately follows from ()3.3.5|1 that supp(fin(z/;„_i)) = supp(fin(z/iQ)) U supp^Pi^). 
Since supp(/5;o) ^ Iq{X,p) by the definition of Iq, we have supp(fin(z/;g_i)) (t Iq{X,p). By 
an argument similar to that used to obtain ()3.3.8|) . we deduce that 

z/,o_i = Wio_i(A + n'S) e A - <^ ^ ^>o«iL + ^>o«io + X] ^>o'^ii. f + 

Il=1 L=Lo+1 J 

Hence we have supp(fin(z//o_i)) = {ji, j2, • • • , jx] U {io}- But, since ji, j2, • • • , e 
Io{X,p) by Claim 12 and supp(fin(i/i(,_i)) ^ /o(A,p), we conclude that ^ -^o(A,p). This 
proves Claim ini 

Claim 4. T/ie coejficient of in fin(z/;g_i) — fin(z/;g) Z5 contained in mi^^ + p7j. 

From Claims El and El we have ji 7^ ^0 for all 1 < L < K. Therefore, we see from 
()3.3.8j) that the coefficient of in fin(i/ig) is equal to 0. 
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Let us compute the coefficient of in fin(z//(,_i); recall that 

I'lo-i = wio^ii^ + = Tj^ ■ ■ ■ rj^^^.ri^rj^^ ■ ■ ■ rj^ (A + n'6). 
First we derive inductively that 

Lo 
L=l 

Since ji, j2, ■ • ■ , Jlq ^ h{^,p) by Claim |21 it follows that 

Lo 
L=l 

Furthermore, we deduce that 

f Lo Lo ^ 

KL=l L=l ) 

Lo 

C A — (mjf, + — ^^pZttj^ + n'5. 

L=l 

Here, again noting that ji 7^ Iq for all 1 < L < i^, we see that the coefficient of a^^ in 
the finite part fin(z/iQ_i) of z/;g_i = r^^ ■ ■ -fj^^^^ri^rjj^^^ ■ ■ ■rj^(A + n'5) is equal to that in 
the finite part of Ti^Vj^^ ■ ■ ■rj-^{\ + n6). Hence we conclude that the coefficient of in 
the finite part fin(z/jy_i) of i^i^-i is contained in 

Thus the coefficient of in fin(z/;Q_i) — fin(i^;Q) is contained in rriiQ +pZ. This proves 
Claim H 

o 

We know from Lemma . H .41 that fin(z/;„_i) — fin(i/i(,) G since /q = max($nPos) G 

Pos. However, because the io G /q is not contained in Iq{X,p) by Claim El it follows from 
Claim m that the coefficient of a^^ in fin(z/;(,_i) — fin(z/;f,) is not contained in pZ. This 

o 

imphes that fin(z/;y_i) — Hn^ui^) ^ which is a contradiction. Thus we have proved 

Lemma 13.3.51 □ 

It follows from ()3.3.6|) that 

N = D{X + N6)=D{uk)= ^i-iWi)cf3,+ Yl (3.3.9) 

Therefore, in order to prove Proposition 13.3.11 (i.e., that G X]je/o(Ap) "^i'^i^>o)' 
suffices to establish the following lemma. 
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Lemma 3.3.6. (1) /// G Neg^, then z/i__i(/5/)c/3, G Y.jeio{x,p)^jdj^>o- 
(2) ///GNeg2, t/ien z/,_i(/3/) G E je/o(A,p) ^jdj'^>Q- 

o 

Proof. We set := rp^rp^ ■ ■ ■rji^_^{(3l) G A for each 1 < / < A;; note that = 

Claim 1. We have {PI, PI) = [PuPi], and {\ P[) = (ui-i, Pi) for all I < I < k. Hence 

o 

vi-i{P]^) = X{P'i'^) for alll <l <k. Moreover, P[ G A+ for every I G Neg. 

Since the bilinear form (■ , ■) is IV-invariant, we have {PI, PI) = {Pi, Pi). In addition, 
we deduce from Lemma 2 . 21 that r^^rgj ' ' '''^ii-iiPi) = fpi^p-i ■ ■ '"^Pi-APi) = Pi+n"6 

for some n" G Z, and hence that 

{ui-i,Pi) = {r^i.rr^i.2---rU^o),Pi) = {r^i-r^i^i ' ' ' r^^). Pi) 
= {X,r^,r^,---r^^^M)) = {X,Pl + n"6) = (A, A')- 

Therefore, using the equations {PI, PI) = {Pi, Pi) and {h'i_i. Pi) = {\,Pl), we obtain that 

' = -JajW = Tim ° *■ ' 

Furthermore, because Pi is the finite part ^/ of C,i G A^, and z//_i(^;'^) G pZ<o by the 
definition of (g/]9)-chains, we see from Lemma [3.2. II that vi^i{P]') > for every / G Neg. 

o 

As a result, we obtain that {X, Pi) = {i'i-i,Pi) > 0. Hence we conclude that P'l G A+, 
since A is a level-zero dominant integral weight. This proves Claim H 

The following claim immediately follows from Lemma f3. 3. 51 
Claim 2. The support supp(/9^') of P'l G A"^ is contained in Iq{X,p) for every I G Neg. 
We now prove part (1) of Lemma 13.3.61 Since / G Neg^, we see from Claim ^ that 

o o 

P'l G A_,_. Let us write P'l G A_|_ as: P'l = J2jeio '^ij'^j^ with Uij G Z>o for j G Jq. 

First assume that g is nontwisted. Then we know from Remark I2.1.1l fl) and ()2.3.ip 
that cp^ = 1, and dj = 1 for all j G Iq. From Claim ^ and Lemma f3. 2. 51 we deduce that 




Furthermore, since supp(/9;) C Io{X,p) by Claim |21 it follows that uij = unless j G 
Iq{X,p). Hence we obtain that ui^i{p^)c/3, G Y.jeio{\p)^i^j^>o = Eje/o(A,p) "^i^>o- 
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Next assume that q is twisted. Then we know from Remark |2. 1.11 (2) and (j2. 3.111 that 
= {pi,Pi)/2, and 



[aj, aj) I S is of type A^) and j 



(3.3.10) 



dj otherwise. 



We have 



= ^fe^Cft = (z/,„i, A) = (A, PI) by ClaimE 



= 5;«,(A,a,) = 5:n,- 2 

Note that Uij G Z>o for all j G Jq, and that {aj, aj)/2 G djZ^o for all j G Jq by ()3.3.10j) . 
Also, since supp(/5;) C Io{X,p) by Claim El it follows that uij = unless j G /o(A,p). 
Hence we obtain that h'i_i{P^)cf3^ G X]jG/o(Ap) '^i'^i^>o- This completes the proof of 
part (1) of Lemma 13.3.61 

Let us prove part (2) of Lemma [3.3.61 note that is of type A^^, since Neg2 ^ 0. 
Therefore, we know from Remark I2.1.1l f2) and ()2.3.1|) that dj = 1 for all j G Jq. We see 
from Claim ^ and Lemma f3.2.5l that 



iiij 




iG/o 

Furthermore, since supp(/5;) C /o(A,p) by Claim |21 it follows that Uij = unless j G 

Ioi\,p). Hence we obtain that ui-iiP^) G EjG/o(A,p) "^i^i^>o = EjG/o{A,p) "^i^>o- This 
completes the proof of part (2) of Lemma f3. 3. 61 □ 

As mentioned just above Lemma 13. 3. 6^ Proposition 13.3.11 immediately follows from 
Lemma 3. 61 and ()3.3.9|) . Thus we have completed the proof of Proposition 13.3. l| 

3.4 Sufficient condition for the existence of a (g/p)-chain. Let A be the (fixed) 
level- zero dominant integral weight of the form p.l.ip . This subsection is devoted to 
proving the following proposition. 

Proposition 3.4.1. Let 1 < q < p be coprime integers, and let N G Z>o. Then, there 
exists a {q/p)-chain for (A, A + N6) if N E J2jeio{\p) ^jdjl^yo- 
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From Proposition 13.4.11 along with Lemma I2.4.6| we obtain the following corollary. 

Corollary 3.4.2. Let 1 < q < p be coprime integers, and let N', N" G Z. Then, there 
exists a {q/p)-chain for (A - A - N"5) if N' - N" G Eje/o(A,p) mjdjZ>o. 

In order to prove Proposition 13.4. H we need some lemmas. From now till the end of 
the proof of Proposition 13.4.91 below, we fix i G Supp>2(A) arbitrarily. We set Supp(A) : = 
{i e Iq \ nii > 1} C Iq, and S{\,i) := (Jq \ Supp(A)) U {i}. 

Definition 3.4.3. Let A'^(A,z) denote the set of positive real roots C G A^^, with 7 : = 

o 

( G A_|_ its finite part, satisfying the the following conditions: 

(a) ( is either of the form ( = —7 + c^6, or of the form ( = |(— 7 + S), 

(b) the support supp(7) of 7 is contained in ^(A, i), and contains the (fixed) i G Supp>2(A), 

o 

(c) r^(A) = X — a + niidid for some a G 

Lemma 3.4.4. The set A^^(A,i) is not empty. 

(2) 

Proof. First assume that g is of type , and that the simple root corresponding to the 
i G Supp>2(A) is the long simple root (i.e., i = £). We set ( := |(— + 5); note that 
C is indeed a positive real root by Proposition 12.2.11 (2). It is obvious that this ( G A"^ 
satisfies conditions (a) and (b) of Definition l3.4.3l Also, we see from Lemma [3. 2. 11 (2) that 
r^(A) = A — \{hi)ai + \{hi)6 = A — niiai + mi5. Since di = Ihy ()2.3.1|1 . it follows that 
C, satisfies condition (c) of Definition 13.4.31 Thus we obtain that C, G A'J5^(A,z), and hence 
A-(A,O^0. 

(2) (2) 
Next assume that q is not of type A\f' , or is of type and the simple root 

corresponding to the i G Supp>2(A) is not the long simple root (i.e., i 7^ tj. We set 

^ := —ai + Cq,-5; note that C is indeed a positive real root by Proposition 12.2.11 It is 

obvious that this C ^ Al^ satisfies conditions (a) and (b) of Definition 13.4.31 Also, we see 

from Lemma ri2.1l (l) that r^(A) = A — \{hi)ai + X{hi)ca,5 = A — ruiai + miCa,S. Since 

di = Ca, by ()2.3.H) . it follows that ( satisfies condition (c) of Definition 13.4.31 Thus we 

obtain that C G A'^(A,z), and hence A^(A,-i) 7^ 0. This proves the lemma. □ 

Lemma 3.4.5. For every ( G A'^(A,i), we have A(C^) G m^Z^o- 

o 

Proof. Let 7 G A+ be the finite part ( of ( & A"^. We deduce from condition (a) of 
Definition EZni using Lemma ESU that A(C^) = -A(7^), or -2A(7^). Therefore, it 

o 

suffices to show that A(7^) G mjZ>o. Write 7 G A+ as J2jeio '^i^i' with Uj G Z>o for j G 
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Iq. It follows from condition (b) of Definition 13.4.31 that Ui G Z>o for the i G Supp>2(A), 
and Uj = for j ^ S{X,i). Hence, using Lemma l3.2.5[ we deduce that 

i6/o ^^'^^ jes(x,i) ^^'^^ 

Note that, by the definition of S{X,i), we have mj = for all j G S{\,i) with j ^ i. 
Consequently, 

A(7^)= ^ /"^^ ^ ^ 

jesix,i) 

Since Ui G Z>o as seen above, we obtain from Lemma (3.2.51 that aj)/(7, 7) G Z>o- 

Thus we conclude that A (7"^) G mjZ>o, as desired. This proves the lemma. □ 



Uj{aj,aj) Ui{ai,ai) 
(7,7) (7,7) 



Lemma 3.4.6. Let ( G A^_^{X,i), with 7 := C ^ ^+ Us finite part. Then, the finite part 
fin(r^(A)) o/r^(A) G WX equals A(7'^)7. Hence the support o/fin(r^(A)) is contained in 
S{X,i), and contains the i G Supp>2(A). 

Proof. By condition (a) of Definition 13.4.31 ( is either of the form ( = —7 + c^S, or of the 
form ( = I (—7 + S). It immediately follows from Lemma f3.2. II that 



r^(A) 



A-A(7^)7 + A(7^)c,5 if ( = -7 + c,5, 
A-A(7^)7 + A(7^)5 ifC = i(-^ + 5). 

Recall from the proof of Lemma r3.4.5l that A(7^) G mjZ>o- Hence the finite part fin(r^(A)) 
of r^(A) G WX equals A(7'^)7. Furthermore, it follows from condition (b) of Defini- 
tion that the support of fin(r^(A)) = A(7^)7 is contained in S{X,i), and contains 
the i G Supp>2(A). This proves the lemma. □ 

Now we take an element Q G A^_^{X,i) such that the finite part of Q is maximal with 

o 

respect to the (usual) partial ordering defined by Q^. Namely, let Q be an element of 
A^(A,i) such that there exists no C e A'_^{X,i) with fin(r^(A)) - fin(r^^(A)) G \ {0}. 

o 

Let us denote by 7^ G A+ the finite part Q of Q. 

Lemma 3.4.7. We have X{(^) G m{L^Q, and hence X > rQ{X). Moreover, we have 
dist(A, rc,(A)) = l. 

Proof. It is obvious from Lemma r3.4.5l that X{(^) G mjZ<o, and hence A > r^i^X). We will 
prove that dist(A, r^^X)) = 1. Assume that dist(A, r^.{X)) = k > 1, and let X = > ui > 
• ■ ■ > z/fc = r^^X) be a longest chain for (A, r^i^X)), with ^1, ^2, ■ ■ ■ , (,k the corresponding 
positive real roots. Then we have z/;_i > r^^^ui^i) = z// and dist(i^i_i, z/;) = 1 for each 
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1 < I < k. Let l3i denote the finite part of G Al^ for 1 < I < k. Since dist(z//_i, ui) = 1, 
we see from Lemma [2.4.41 that C,i is one of the following forms: = Pi, = —Pi + C[^^6, 
or ^i = |(— A + We define subsets Pos, Neg^, Neg2, and Neg of {l, 2, . . . , fc} as in 
(13.3. Ij) . ()3.3.2j) . ()3.3.3|1 . and ()3.3.4j) . respectively. It follows from Lemma 1112.41 (see also 
Remark l3. 3. 3j) that 



supp(fin(z/i_i)) = supp(fin(z//)) U supp(/5i) if / G Pos, 
_supp(fin(z/«)) = supp(fin(z/;_i)) U supp(A) if / G Neg, 



(3.4.1) 



and that 



D{ui^i) if / G Pos, 

D{ui) = { D{vi^^) + vi-iiP^'yp, if / G Negi, (3.4.2) 
D{vi^{) + vi^i{P]^) if /GNeg2. 
Because D{uk) = D{rQ{X)) = rriidi by condition (c) of Definition 13. 4. 3^ we have 



For each / G Neg, we set 

j ui.^iPnc^, if/eNegi, 
A := < (3.4.4) 
U-iiPr) if/GNeg2. 

We see from Lemma f3.2.1l that Di G Z>o for all / G Neg, since ui^ii^^^) G Z<o and 
G Z>o. Also, we see from (I3.4.3|l that 

TUid, = A- (3.4.5) 

ZGNeg 

Claim 1. There exists I G Neg such that the {fixed) i G Supp>2(A) is contained m 
supp (/?/). 

We know from Lemma [3. 4.61 that the support of the finite part fin(z/fc) of Uk = ''^di^) ^ 
WX contains the i G Supp>2(A). Because supp(fin(z/o)) = supp(fin(A)) = supp(O) = 0, it 
follows that there exists 1 < I < k such that i ^ supp(fin(z/i_i)) and i G supp(fin(z/;)). 
Therefore, we see from ()3.4.1|1 that / G Neg, and supp(fin(z/;)) = supp(fin(z/;_i))Usupp(/3i). 
But, since i ^ supp(fin(z/;_i)) and i G supp(fin(z/;)), we have i G supp(/?;). This proves 
Claim [H 

We set Iq := min|/ G Neg | i G supp(/3;)}. 
Claim 2. /// G Pos and / < Iq, then supp(/3/) does not contain the (fixed) i G Supp>2(A). 
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Suppose that there exists / G Pos such that / < Zq and i G supp(/3;). It follows from 
()3.4.1|1 that supp(fin(z/i_i)) = supp(fin(z/i)) U supp(/3/), and hence i G supp(fin(i/;_.i)). 
Because supp(fin(z/o)) = supp(fin(A)) = supp(O) = 0, there exists 1 </'</ — 1 such that 
i ^ supp(fin(z/i/_i)) and i G supp(fin(z/i/)). Therefore, we see from ()H.4.1|1 that /' G Neg, 
and supp(fin(z/i/)) = supp(fin(z///_i)) U supp(/5i/). But, since i ^ supp(fin(z///_i)) and 
i G supp(fin(z/i/)), we have i G supp(/3/'), which contradicts the definition: Iq = min{/ G 
Neg I i G supp(/3i)}. This proves Claim El 

We set PI := r^.r^^ ■ ■ -r^^.^lAo)- 
Claim 3. The support supp{Pi^) of (3'i^ contains the {fixed) i G Supp>2(A). 

We set (3i^^v ■= ^Pii^Pv+i ' ' ' '^Pio~i((^io) 1 < ^' < - 1, and Pi^^i^ = Pi,^; note that 
Ao,i = A'o- suffices to show that i G supp(/9io^//) for all 1 < /' < /q (put /' = 1). We 
show this by descending induction on I'. If /' = Iq, then it follows from the definition 
of Iq that i G supp(/?;o^;,)) = supp(/?;o). Assume that /' < Iq. Then we have Pi^^i' = 
'"/3,,(Ao,r+i) = Ao,/'+i-Ao,«'+i(AV)A'- Because i ^ supp(A/) by Claim Hand the definition 
of Iq, we deduce that the coefficient of a, in Pi^^ii equals that in This implies that 

i G supp(/5;o^;') since i G supp(/3;o^i/+i) by the inductive assumption. Thus we have shown 
that i G supp(/3;(,^;') for all 1 < /' < /q; as desired. This proves Claim El 

By an argument similar to that used to prove Claim ^ in the proof of Lemma lllllfj^ 
we can prove the following claim. 

Claim 4. We have (A'o' Aq) = (Ao, Ao). a^d {\, P'J = (z/i^-i, Ao)- Moreover, i^io-iiP^) = 
A(A':), andP'^^eA^. 

Claim 5. The following inequality holds: Di^^ > J2jesupp{f3i )'^jdj- 

o 

Write G A+ as J2jeio '^j'^J' with Uj G Z>o for j G /q. 

First assume that q is nontwisted (note that Zq £ Neg^, since Neg2 = 0). Then we 
know from Remark 12.1.11 (1) and ()2.3.1|1 that Cf3^^ = 1, and dj = 1 for all j G Iq- Using 
Claim (Hand Lemma III 2. 5| we deduce that 

Ao = -.„-i(a:)c/3, = i^io-M) = m:) = E-.-^^r^ 

EUj(aj,aj) \ — - — > 
<Q, ff-. ^ 2^ 2^ ^jd^- 

iesupp(/3,y J^%^j;V^ iGsupp(/3;'J i6supp{/3;j 

ez>o 
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Next assume that g is twisted, and Zq G Neg^. Then we know from Remark 12.1.11 (2) 
and ()2.3.1|) that C/3, = {Pi^, Piq)/2, and that 



[aj, aj) I if fl is of type A^^ and j 



dj otherwise. 



In the same manner as in the proof of Lemma we deduce that 

jeio 

Uj^j 2 ^ 2^ ^J^r 

i6supp(/3' ) V ' iGsupp(/3' ) 

Finally, assume that g is of type , and /q ^ Negg. Then we know from Re- 
mark |2^3(2) and ()2.3.ip that dj = 1 for all j G Iq. Using Claim |3] and Lemma f3.2.5t we 
deduce that 



iG/o 



jesupp{A' ) iGsupp(/3' ) iGsupp{/3' ) 



in 

ez>o 



This proves Claim 

From ()3.4.5|1 and Claim we have 

idi = Di > Di^ since Di G Z>o for all / G Neg 



iGNcg 



— "^i'^i — ^i^i since i G supp(/9;^) by Claim El 

jGsupp(/3,'^) 



Therefore, we conclude that 



idi = E A = Ac, = X] "^J'^J' 



ZeNeg iGsupp(/;,^ 

and hence that 



Neg = {Iq}, Di,^ = niidi, and supp(/3,'J n Supp(A) = {i}. (3.4.6) 
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Claim 6. We have Iq = 1. Moreover, the support supp(/5;q) of Pi^ = Pi is contained in 
S{\,i), and contains the (fixed) i G Supp>2(A). 

Suppose that 1 G Pos. Then we have A(^^) = \{Pi)- But, since A is a level-zero 
dominant integral weight, we have X{Pi) > 0, and hence A(^^) > 0, which is a con- 
tradiction. Thus we have 1 G Neg. Since Neg = {/o}, we conclude that Iq = 1. 
Note that P'l^ = P[ = Pi by the definition of P'l^. Hence it follows from ()3.4.6|) that 
supp(/3i) n Supp(A) = {i}, i.e., that supp(/5i) is contained in S'(A, i) = (/o\Supp(A)) Uji}. 
This proves Claim IHl 

Claim 7. We have ^i,, = 6 e A;^(A,i). 

It is obvious that satisfies condition (a) of Definition 13.4.31 since 1 G Neg. Also, it 
follows from Claim El that satisfies condition (b) of Definition 13.4.31 Furthermore, from 
Lemma EO and ^Jl\f . we see that r^^{X) = A - X{P^)Pi + Di6, with X{p]^) G Z>o. 
But, it follows from ()3.4.6|1 and Claim IHl that Di = niidi. Thus, satisfies condition (c) 
of Definition 13.4.31 This proves Claim 

From Claim we have Neg = {l} and Pos = {2, 3, /c}. Hence we deduce that 

k k 

i^k = ■ ■ ■ rg, (A) = A - 5^ = A - Mei)^i - 

1=1 1=2 

k 

= A - A(^^^)^i - ^ vi-i{P]^)Pi since z/q = A, and Pos = {2, 3, . . . , /c}, 

1=2 

k 

= r6(A)-$^^.-i(A")A. 

1=2 

Consequently, we have 

k 

fin(rc,(A)) = fin(z/,) = fin{r^m + Y.Vi-i{P]!)Pi. (3.4.7) 

1=2 

Since vi-i{P]^) = i^i-ii^^) G Z<o for all / G Pos = {2, 3, . . . , k}, we see from (jTITjl 

k ° 

that fin(rgj(A)) — fin(r^.(A)) = — X]«=2 '^'-ilA'^)^ ^ Q+- Therefore, the definition of 
Q G A^^{\,i) implies that fin(rgj(A)) — fin(r^.(A)) = 0, and hence that Pos = 0, A; = 1. 
Thus we have proved dist(A, r^-(A)) = 1. This completes the proof of Lemma [3.4.71 □ 

Now we set fi := r^^(A). Then we see from condition (c) of Definition 13.4.31 using 

o o 

Lemma [3.2.11 that fi = r^,(A + midi6); note that r^^ G W. Let w E W he the shortest 
element such that w{X + ruidid) = fi, and let w = rj-^rj^ ■ ■ -Tj^ be a reduced expression, 
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where ji, j2, Jk & h- We set /io = /x, and ixl ■= rj^rj^_^ ■ ■ ■rj^{^) ioi I < L < K; 
note that = = A + midid. Then, using |Kac| Lemma 3.10], we can show that 

fiL-i{hj^) G Z<o for all 1 < L < K. Hence we have /i = /io > /^i > /i2 > ■ ■ ■ > A^x = 
A + niidid. 

Moreover, it follows that = = rjj^ ■ ■ ■Tj^rj^{^) = fi — J2l=i f^L-i{hjj^)ajj^. 

Also, we see from condition (c) of Definition EI^Sl that fi = rQ{X) = A — fin(r^.(A)) + mi(ij5. 
Combining these equations, we obtain that 

K 

ez<o 

Since = A + midi6, we have 

K 

fin(r^A) + ^/iL_i(M «iL = 0- 

ez<o 

Recall from Lemma [3.4.61 that the support of the finite part fin{rQ{X)) of r^lX) G WX is 
contained in S{X,i). Therefore, we conclude that ji, j2, ■ ■ ■ , jx ^ S{X,i). 

Lemma 3.4.8. (1) We have dist(/iL_i, /xl) = 1 for all 1 < L < K . 

(2) We have ^i^i{hj^) G rriiZ^Q for all 1 < L < K . 

Proof. (1) Since the positive real root corresponding to (/Ul-IjA^l) is the simple root 

o 

ajj^ G n, the assertion immediately follows from Remark I2.4.3l f2). 

(2) Because fiL-i{hjj^) G Z<o for all 1 < L < as shown in the argument above this 
lemma, we need only show that fiL^i{hj^) G mjZ for all 1 < L < K. We will show this 
by induction on L. 

Assume first that L = 1. From condition (c) of Definition 13.4.31 and Lemma f3.4.(j| we 

deduce that hq = ji = rc_^{X) = X—X{j'^)'^i+midi5. Since ji G S{X,i) = (/o\Supp(A)) Uji} 
as shown just above this lemma, it follows that X{hj^) = if ji = and X{hj^) = if 
ji 7^ i. In addition, we see from the proof of Lemma [3. 4. 51 that A(7j^) G m{L^Q. Therefore, 
we obtain that 

/io(/ijJ = X(Jij^ - Xf^^ rriiZ. 

or rrii GniiZ^o =0 

Assume next that L > 1. Because fii-i = ^- ~ J2l~=i l^L'-i{hjj^,)aj^,, it follows that 
f^L-i{hj^) = ^{hjj^) — Yl!i7=il^L'-i{hj^,)aj^i{hj^). Here, in the same manner as above, we 
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see that 

or rrii emiZ>o gZ =0 

Also, it follows from the inductive assumption that ^Li^i{hj^,) G mjZ for all 1 < L' < 
L — 1. Since (yj^,{hj^) G Z for all 1 < L' < L — 1, we conclude that 

€miZ ^'^^ ^rriil, eZ 

Thus we have proved the lemma. □ 

Proposition 3.4.9. For each 1 < q' < rrii — 1, there exists a {q' /rrii) -chain for (A, A + 
rriidiS). 

Proof. Combining Lemmas 13.4.71 and I3.4.8[ we see that A > r^^.^X) = jiQ > jii > jj,2 > 
■ ■ ■ > fix = A + rriidid is a (g'/mj)-chain for (A, A + rriidid), with aj^, aj^, . . . , the 
corresponding positive real roots. This proves the proposition. □ 

Now we are ready to prove Proposition 13.4.11 

Proof of Proposition ■ ^\ We will prove this proposition by induction on A^. If = 0, 
then the assertion is obvious. Assume that A^ > 0. We write A^ as J2jeio(Xp)^j^i^i with 
kj G Z>o for j G /o(A,p), and take i G /o(A,p) such that fcj > 0, mj > (and hence 
rui > 2, i.e., i G Supp>2(A)). Note that we have q/p = q' /mi for some 1 < 5'' < Trij — 1, 
since mj G pZ. We know from Proposition 13.4.91 that there exists a (g/p)-chain for 
(A, \ + midi5); we write it as: \ = Uq > Ui > • ■ • > = X + rUidid, with ^i, ^2, ■ ■ ■ , (,k the 
corresponding positive real roots. Since mj > and ki > 0, it follows that A^ > N—rUidi G 
J2jeio{\p) mjdjZ>Q. Therefore, by the inductive assumption, there exists a (g/p)-chain for 
(A, A + (A^ — midi)6). Hence we deduce from Lemma f2.4.6l that there exists a (g/p)-chain 
for (A + midi6, A + N6); we write it as: A + ruidid = z/q > z/( > ■ ■ ■ > z/^, = A + N5, with 
ill 5 • • • 5 i'x' the corresponding positive real roots. From these two (g/p)-chains, we can 
construct a (g/p)-chain for (A, A + N5) as follows: 

A = z/q > z/i > ■ ■ ■ > z/x = A + ruidiS = z/q > z/( > ■ ■ ■ > z/^, = A + N5, 

where ^i, ^2, • • • , ^x, ^1, ^25 ■ ■ ■ 1 ^'k' the corresponding positive real roots. Thus we 
have completed the proof of Proposition 13.4.11 □ 
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3.5 Proof of Theorem 13.1 .11 It follows from Corollary l3X2l that a path vr G P 
having an expression of the form ()3.1.4|1 is indeed an LS path of shape A (see Defini- 
tion of an LS path). Furthermore, we see from Lemma [2. 7. 31 that such a path tt G P 
is extremal. This proves part (1) of Theorem 13. 1.11 

Let us prove part (2) of Theorem 13.1.11 Let tt G B(A) be an LS path of shape A. 
We know from Proposition I2.fi. (11 (1) that the Pci-crystal B(A)ci is connected. Therefore, 
there exists some monomial X in the root operators ej, fj for j & I such that Xcl(7r) = 
cl(7rA). Hence it follows from ()2.5.5j) that cl(X7r) = Xcl(7r) = cl(7rA). From the fact that 
cl(X7r) = cl(7rA), we deduce, using Remark l2.5.5^ that the path tc' := Xn G P has an 
expression of the form: 

tt' = (A - N[S, . . . , A - N'^,_i5, A - N'^,S ; do, cti, . . . , as'-i, as'), 

with A''^, A'^^, . . . , A^^, G Q and = ctq < o"i < • ■ ■ < cTs'-i < cTs' = 1- Here we note that the 
path tt' = Xtt G P is an LS path of shape A. Therefore, it follows from Remark I2.6.2l fl) 
that A — N^,6 G WX for all 1 < u' < s', which along with Lemma 12.3.31 implies that 
A^^, G Z for all 1 < u' < s'. Now, if we define a path by: = ttx — vr', then ip 

has an expression of the form: 

= {N[S, . . . , A^y_i(5, ; (To, cTi, . . . , cry_i, ay). 

Since A — G WX by R,emark 12.6.21 (1). it follows that there exists some w E W such 
that wX = A + N',S. Then, from (12.5.411 . we have S^t^x = t^wX = t^x+n'.s = tta + t^n's- 

s' 

Therefore, by using Lemma f2.7.2[ we deduce that 

Si.Tv' = Si.i'Kx - V^) = SuiTCx -1p = 7TX + T^N'S - 1p = Tv' + TIN'S, 

s' s' 

and hence that the path tt" := S'^tt' G B(A) has an expression of the form: 

vr" = (A - N'I5, . . . , A - N':,_,5, A ; (To, ai, . . . , a^^i, a,,), (3.5.1) 

where we set A^^', := A^^, - A^^, for I < u' < s'; note that A^^' = 0. We will show that 
vr" G B(A) has an expression of the form ()3.1.4j] . 

Assume now that there exists some 1 < u' < s' — 1 such that o"„/ ^ Turn(A), and 
write = q/p, where 1 < q < p are coprime integers. Then it can easily be seen from 
the definition ()3.1.2j) of Turn(A) that for each z G Jo, we have m-j ^ unless = 0. 
This means that there exists no j G Io{X,p) such that rrij > 0. Hence it follows from 
Corollary Em that A^^^, - A^^^,^, G E,e/o(A,p) ^j-^j-^>o = {O}, i.e., that N^^, = N'^,^,. As 
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a result, we have A — N'^i5 = A — N^,_^_^6. Thus we can "omit" A — N",6 and au' from the 
expression ()3.5.Hl (see Remark l2.5.2l (l)). Namely, the path vr" G ]B(A) has an expression 
of the form: 

vr" = (A - iV;,5, . . . , A - N':,^J, A ; a,^, a^, . . . , a,^), (3.5.2) 

where = Sq < s'^ < ■ ■ ■ < = s', and 0-5/ G Turn(A) = {ri < r2 < • • ■ < rs_i} for every 
1 < I < L — 1. We define an increasing sequence = Sq < Si < ■ ■ ■ < sl = s so that 
Tsi = ioT every < I < L, and set A^^j N", for 1 < / < L — 1. Then the expression 
^Jr% of vr" G B(A) can be written as: 

tt" = (A - Ns,6, . . . , A - A/'.^_i5, A ; r.^, r,,, . . . , r,^_,, r,^). (3.5.3) 

Assume next that there exists some 1 < u < s—1 such that G Turn(A)\|rs^, . . . , Ts^_^ j, 
and let 1 < /q ^ be such that Ts;jj_^ < r„ < r^^^^. Then we can "insert" r„ between 
rsj^_^ and r^^^ in the expression ()3.5.3|) of n" (see Remark l2.5.2l f2)). Namely, the path 
7i" G B(A) has an expression of the form: 

tt" = (A - Ns,6, . . . , A - Ns,^^^6, X-JVJ, A - iV,,^5, . . . , A - N,,^^6, A ; 

inserted 
inserted 

where we set Nu := Ng^^. Repeating these two procedures if necessary, we finally obtain 
an expression of tt" G P of the form: 

tt" = (A - N16, . . . , A - Ns-i6, A ; tq, n, . . . , Ts-i, Ts), (3.5.4) 

where Ni, N2, . . . , A^s_i G Z. Since vr" G B(A) is an LS path of shape A, there exists a 
r^-chain for (A — A^^^, A — A^^+i^) for each 1 < m < s — 1, where we set Ng := 0. Hence it 
follows from CoroUarv 13 . 3 . 21 that 

Nu — A^M+i G rrijdjZ^Q for each 1 < u < s — 1. 

je/o(A,pu) 

Thus we have proved that every tt G B(A) is connected to an LS path of shape A having 
an expression of the form ()3.1.4j) . i.e., that each connected component of B(A) contains 
an LS path of shape A having an expression of the form ()3.1.4|1 . 

Now, let TTi G B(A) and 712 G B(A) be LS paths having an expression of the form 
(jSXl: 

TTi = (A - Ni^i5, . . . , A - Ni^s-iS, A ; tq, n, . . . , r^„i, rj, 
= (A - A^2,i5, . . . , A - N2,s-iS, A ; To, Ti, . . . , r^_i, rj. 
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and assume that the paths tti and 7C2 are in the same connected component of B(A). Then, 
there exists some monomial X' in the root operators ej, fj for j E I such that X'ni = 712. 
We define a path ipi by: 

-01 = • • • , Ni^s-iS, ; To, Ti, . . . , r^_i, r^). 

Note that vti = vr^ — V'l) and hence that iix = Tfi+ipi- We deduce from Lemma f2. 7. II that 

XVa =X'(7ri+^i) = 7r2 + ^/'i 

= (A - (A^a,! - Ni^,)5, . . . , A - (A^a,,,! - iVi,,_i)(5, A ; tq, . . . , r,_i, r,). 

Because X'nx G ]B(A) is an LS path of shape A, we see from Remark 12.6.21 (1) that 

A - (iV2,i - iVi,i)<5 > . . . > A - (iV2,,_i - N,,s^,)5 > A. 

Hence it follows from Remark |2XS1(1) that A^2,m - A^i.n > for all 1 < m < s. By 
interchanging the roles of tti and 7r2, we also deduce that A'^i.u — A^2,u > for all 1 < m < s. 
Thus we conclude that Ni^u = A^2,w for all 1 < n < s, and hence tti =712- This proves 
part (2) of Theorem IH.l.ll 

Finally, let us prove part (3) of Theorem 13. 1.11 Let tt G IB(A) be an extremal LS path 
of shape A. Then we know from Remark I2.5.fil that cl(7r) G ]B(A)ci is extremal. Hence 
it follows from Theorem I2.(i.(il (3) that there exists some w E W such that cl(5'^7r) = 
Sy^cl{TT) = cl(7rA). Here we recall that in the proof of part (2) above, we proved that an 
LS path tt' G B(A) such that cl(7r') = cl(7rA) is contained in the ly-orbit of an extremal 
LS path having an expression of the form ()3.1.4|) . Therefore, we conclude that Sy^n (and 
hence vr) is contained in the ly-orbit of an extremal LS path having an expression of the 
form ()3.1.4|) . This proves part (3) of Theorem 13.1.11 Thus we have completed the proof 
of Theorem 13.1.11 

4 Crystal structure of the connected component Bo(A) of B(A). 

4.1 AfRnization of the Pci-crystal B(A)ci. We take (and fix) a Q-linear embedding 
aff : f)*/Q5 ^ f)* such that cloaff = id, aff(cl(aj)) = aj for all j G Jq, and such that 
aff(Pd) C P (note that \)* ^Q(g)^P and \)*/Q5 ~ Q ®z ^ci)- Since 6 - aoOo = 6 e 
we see that aff(cl(ao)) = aff (cl(aQ ^(5 — 6))) = —aQ^9. In addition, since the level- 
zero fundamental weight Wi is contained in ©jg/^ Qoj for all i G Jq, it follows that 
aff (cl(tx7j)) = Wi for all i G /q. 
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Let X E P he the (fixed) level- zero dominant integral weight of the form ()3.1.Hl . We 
define a positive integer dx G Z>o by: 

WXn{X + Z6) = X + dx^S. (4.1.1) 

Remark 4.1.1. It follows from Lemma 12.3.21 (see the proof of Lemma l2.3.3j) that dx is 
equal to the greatest common divisor of the integers {niidi^.^j^. 

Define the affinization B(A)ci of the Pci-crystal B(A)ci to be the direct product set 

MiXj^i := B(A)d X (ao 'Z) (4.1.2) 

of B(A)ci and Oq^Z; let us denote an element {ri,n) G B(A)ci hj r] (E) . Now we give 
a P-crystal structure to B(A)ci as follows. We define the Kashiwara operators Cj, jj on 
B(A);i for J G / by: 

e-{ri ® z") = (ejr/) ® z", /^(r/ ® z'') = {fji]) ® for j G /q, (4.1.3) 

eoiv ® = M ® foiv ® = (M) ® (4.1.4) 

for T] ^ z"" E B(A)ci. Here (S> -z" is understood to be for each n G a^'^Zi. We define the 
weight map wt : B(A)ci P by: 

wt(r7® 2") = aff(r7(l)) + n5 for i] ® z"^ e m(X)Ix, (4.1.5) 

and define the maps Sj, ipj : B(A)ci Z>o for j G / by: 

e^.(r^® ^") = max{/ > I e5(r/® ;z") ^ 0} for ® 2" G B(Ajri, (4.1.6) 
<^^.(r^® ^") = max{/ > I /J(r/(g)z") ^ 0} for 77 O G 1(1)11. (4.1.7) 

The proof of the following proposition is straightforward. 

Proposition 4.1.2. The sei B(A)ci equipped with the Kashiwara operators Cj, fj for j G /, 

and the maps wt, Sj, ifj for j ^ I, is a P-crystal. 

4.2 Isomorphism theorem. Let A G P be the (fixed) level-zero dominant integral 
weight of the form ()3.1.1|) . For each M G Oq ^Z, let Bo(A + M6) denote the connected 
component of the crystal B(A + M6) of all LS paths of shape A + M6 containing the 
straight line hx+ms- 

Lemma 4.2.1. Let Mi, M2 G a^^Z. Then, Bo(A + M16) = Bo(A + M26) if and only if 
Ml - M2 G dxZ. 
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Proof. Assume that IBo(A + Mi 5) = Bo(A + M26). Then the straight hne nx+MiS is an 
LS path of shape A + M2S. Therefore, it follows from Remark 12.6.21 (2) that A + M16 G 
W{X + M26). Since W{X + M26) = WX + M26, we have A + (Mi - Ma)^ G WX. Thus we 
obtain that Mi — M2 G dxlj from the definition of d\. 

Conversely, if Mi — M2 G clxZ, then we deduce from the definition of d\ that A + (Mi — 
M2)S G WX, and hence X + M16 G W{X + M2S). Therefore, there exists some w E W such 
that A + M16 = w{X + M2S). As a result, it follows from ()2.5.4|1 that Sw'n'x+M^s = ttx+MiS- 
Thus we obtain that nx+M2S G Bo(A + M16), and hence Bo(A + M16) = Bo(A + M26). This 
proves the lemma. □ 

The following theorem (along with Corollarv l4.2.7|) is a generalization of |GH Proposi- 
tion 5.9], in which g is nontwisted, and A G P is a positive integer multiple of a level-zero 
fundamental weight. 

Theorem 4.2.2. Let X E P be the (fixed) level-zero dominant integral weight of the form 
flH.l.lj) . Then, there exists an isomorphism O of P- crystals: 

e:i(Ajri^ y Bo(A + M5). (4.2.1) 

0<M<dx 

In order to define the map B, we need some lemmas. 

Lemma 4.2.3. Let r] G B(A)d. 

(1) The set c\~^{ri) nBo(A) is not empty. 

(2) Take an arbitrary vr G cr\r]) n Bo(A). Then, cr^(?7) H Bo(A) = {tt + vr^^^ \ k e Z] . 

Proof. (1) It follows from Theorem I2.6.6l fl) that there exists some monomial X in the 
root operators Cj, fj for j E I such that rj = Xcl(7rA). We deduce from ()2.5.5p that 
7] = cl(X7rA), and hence that Xttx G c\'^{r]). Since Xttx G Bo(A), we see that Xttx G 
cr^(r7) nBo(A). This proves part (1) of the lemma. 

(2) First we prove that cP^(?7) fl Bo(A) D {vr + TTkd^s \ k G Z}. Take an arbitrary G Z, 
and set tt' := tt + nkd^s- Since it is obvious that n' G cP^(?7), it remains to show that 
tt' G Bo(A). Because vr G Bo(A) by assumption, there exists some monomial X' in the root 
operators ej, fj for j G / such that X'tt = nx- Therefore, using Lemma ElZill we deduce 
that 



36 



Note that A + kd\6 G WX by the definition of dx. Hence there exists some w E W such 
that A = w{X + kd\5). Therefore, we see from (12 .5.41) that S^T^x+kd^s = ^a- Thus we 
obtain that SwX'n' = SwUx+kdxS = tta, and hence tt' G Bo(A). This proves the desired 
inclusion D. 

Next we prove that cr\r]) n IBo(A) C {tt + ntd^s \ k eZ}. Let vr' G cr\r]) n Bo(A). 
Since cl(7r) = cl(7r') = r], there exists a piecewise hnear, continuous function F(t) : [0, 1] 
Q such that F(0) = 0, G a^^Z, and 7r'(t) = 7r(t) + F{t)6 for all t G [0, 1]. Define a 
path G P by: ipit) = F{t)6, t G [0, 1]; note that vr' = 7i + ip. We will show that ip = -Kkd^s 
for some k E Z. Since XV = tta for the above monomial X' in the root operators, we 
deduce from Lemma 12.7.11 that X'vr' = X'{t[ + ip) = X'tt + ip = ttx + ip- If we write the 
path tp eF as: ip = {N[6, N!^6, ; ao, ai, . . . , a^O^ with N[, N^, . . . , N'^, e Z and 

= ctq < 0"! < ■ ■ ■ < cTs' = 1, then we have 

Bo(A) 3 XV = nx + i' = {X + N[6, X + N!,6, X + N'J; ao, ^i, . . . , a,.)- 

Since X'n' G B(A), it follows from Remark 12221(1) that X + N[6 > X + N^5 > ■ ■ ■ > 
X + and hence that X( < X^ < ■ • • < X^, by Remark |2XS1(1)- Also, because 

X'tt' G Bo (A), there exists some monomial X" in the root operators ej, fj for j E I such 
that X"X'7r' = ttx- Therefore, using Lemma EHHl we deduce that 

Bo(A) 3 X"ttx = X"{X'7r' - ip) = X"X'n' - t/- = tta - V' 

= (A - X{(5, A - X^(5, . . . , A - ; (Jq, cti, . . . , a,.)- 

Again, since X"tix G B(A), it follows from Remark 12221(1) that X - N'^6 > X - > 
■■■ > A - X;,5, and hence that X{ > X^ > ■ ■ ■ > X^, by Remark E331(l). Thus we 
obtain that X( = X^ = ■ ■ ■ = X^,. But, since A + X{5 G WX by Remark (2X21(1), we 
see from the definition of dx that X{ = kdx for some k E Z. Therefore, we conclude that 
N[ = = ■ ■ ■ = N'^, = kdx, and hence that 

ip = { kdxS, kdx6, kdxS^ ; cxo, cxi, . . . , as') = nkd^s, 

s' times 

as desired. This proves part (2) of the lemma. □ 
For each rj G B(A)ci, we define tt^ G P as follows: Take an arbitrary vr G cl~"^(?7) nBo(A). 

o 

It follows from Lemma [2 . 6 . 41 that 7r(l) G P can be written as X — a + n'5, with a G a^^Q^ 
and n' G a^^Z. Then we set 

vrj := vr - ti^'s. (4.2.2) 
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Remark 4.2.4. We see from Lemma 14.2.31 (2) that 7r° does not depend on the choice of 

71 e cr^(r/) nBo(A). 

Lemma 4.2.5. Let t] G B(A)ci. Then, for each j G /, we have: 

(1) = ejvro - vr^^^^^-i^ if ejri ^ 0, 

(2) ^l, = f)< + ^s,.oa-^s^ff)V7^0- 

Proof. We give only the proof of part (1); the proof of part (2) is similar. Let tt G 

o 

cl~^(?7) n Bo(A), and assume that 7r(l) = \ — a + n'5, with a G Uq^Q^ and n' G Uq^Z. 
Note that e^vr G cl^^{ejr]) fl Bo(A) by ()2.5.5|) . Because ao = o-o^iS — 9), we have 

(ej7r)(l) = 7r(l) + aj = X — a + n'5 + aj 

A — (a — aj) + n'5 if j ^ 0, 

A - (a + ^6*) + in' + ag if j = 0. 
Therefore, it follows from the definition of 7r° „ that 



Also, because 7r,|j = vr — 7r„/5 by the definition of 7r°, we have e^vr^ = ejvr — tt^/^ by 
Lemma B. 7.11 Combining this equation with ()4.2.3|) . we obtain that tt^^,^ = e^Tr^ — 7r^_^, ^^^-i^. 
This proves part (1) of the lemma. □ 



Now, let us define a map O : B(A)ci P by: 

e(r/®z") = 7r; + 7r„5 for 7] ® z"" e M{XUx- (4.2.4) 
Lemma 4.2.6. Let t] ^ z"- e B(A)ci, and let tt G cl~^{r]) fl Bo(A). Assume that 7r(l) = 

o 

A - a + n'6, with a G and n' G ^Z. T/ien, 9(?7 (g) z"") G B(A + (n - n')5). 

Proof. It follows from the definition of the map that 

6(?7 ® 2;") = vr° + 7r„5 = (tt - 7r„/5) + 7r„5 = tt + n(^n-n')5- (4.2.5) 

Therefore, we see from Lemma (2.7.41 that Q[ri ^ z"") G B(A + (n — n')6). This proves the 
lemma. □ 



Proof of Theorem 4-^-^ We will establish this theorem by proving Claims ^ |2l and El 
below. 

Claim 1. Let r] z"" e B^AjTi. T/ien, wt(?7 O z") = wt(0(r7 O z")). 
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Let vr G cP (r]) fl ]Bo(A), and assume that 7r(l) = X — a + n'5, with a E cto and 
n' G Oq^Z. Then we see from the definition of the Q-hnear embedding aff : i)*/Q5 ^ f)* 
that aS{r]{l)) = aff(cl(7r(l))) = aff(cl(A)) - aff(cl(a)) = X - a. Therefore, by (pXK|l . we 
have 

wt(?7 ® z"-) = aff(77(l)) + n5 = X-a + nS. 

Also, it follows from the definition of 7r° that vr°(l) = 7r(l) — n'6 = X — a. Therefore, by 
the definition of the map G, we have 

wt(G(77 (8) z")) = wt(7rj + TTns) = 7rJ(l) + 7r„5(l) = X-a + n6. 

This proves Claim 

Claim 2. let r] ^ z"" e M{X)^i. Then, for all j G I, 

e(ej(77 ® z")) = e,e(77 ® z") and e{f,{ri ® 2")) = /,e(r/ ® 2"), (4.2.6) 
e^.(ry ® Z-) = e^{Q{r] ® z")) and (^,(77 ® 2") = y^j{e{v ® 2")). (4.2.7) 

Here 0(0) zs understood to be 0. 

We give only the proof of the equations 6 {ej{ri (g) z")) = ejQ{rj ® z") and £j(?7 ® -z") = 
£:j(G(r7 ® -2")), since the proof of the corresponding equations for fj is similar. First, let 
us show that ej{ri ® z") = if and only if ejQ{r] z'"') = 0. Indeed, we have: 

ej{ri (g) z") = <S=^ Cjri = by the definition of ej for IB(A)ci, 
^ e^-TT = by 

■v^ ej7r° = by Lemma 1!^. 7. II and the definition of 7r°, 

ej(7r° + TTns) = by Lemma ITTTTl 
■v^ ejQ{ri (g) 2;") = by the definition of the map 6. 

Now assume that CjTT^ 7^ (and hence CjT] 7^ 0). From the definitions of the Kashiwara 
operator Cj for B(A)ci and the map 0, we deduce that 6(6^(77(8)2;")) = Q{ejri®z'^~^^^-°"-o^) = 
n+Sjfiag''-)5- Furthermore, this equals ejTrJj + Uns by Lemma |4 . 2 . 5I( 1 ) ■ Also, we see 
from Lemma EZm that ejQ{rj ® z"-) = ej(7r° + vr^^) = e^vr^ + iins- Thus we have proved 
the equation Q(^ej{r] z^)) = ejQ(r] ® z"). This equation along with ()4.1.(ij) immediately 
implies the equation ej{r] (S> -2") = £:j(0(?7 -z"))- This proves Claim|21 

It follows from Claims ^ and |2l in view of Lemma I4.2.6t that the image Im B of G is 
a subcrystal of [Jj^^g^-igB(A + M6). 

39 



Claim 3. The map 9 : B(A)ci ^ F is injective, and its image ImG is equal to 

y Bo(A + M(5). (4.2.8) 

Mea~'^Z 
0<M<dx 

First we sliow tliat tlie map G is injective. Assume that Q{rii z"^) = G(r72 ® -2"^) for 
some rji ® 2"% 772 ® z"-^ G B(A)ci. It immediately follows from the definition of the map G 
that Trjj^ +7r„^5 = ir^^ +nn2S- Also, we have cl(7r°J = r/i and c\{7r^^) = 772 by the definitions 
of 7r°^ and vr^^. Hence we obtain that 

Vi = cl(vrjj = cl(7rj^ + nn.s) = cl(7rj^ + vr^^^) = cl(vrjj = 772- 

This implies that tt^^^ = vr^j^, and hence tt-i = 77-2. Thus we have shown that rji -z"^ = 
r]2 ® -z""^, and hence that the map G is injective. 

Next we show that the image Im G of G is equal to the subset ()4.2.8p of P; note that 

IJ Bo(A + M6) = \_\ Bo(A + MS) 

0<M<dx 

as seen from Lemma f4. 2.11 Since TCcii-Kx) clearly equal to tix by the definition of tt^k^^^^ 
it follows from the definition of G that G(cl(7rA) Cg) t^'^) = nx + t^ms = t^x+ms ^ot every 
M G Oq^Z. Consequently, we have n\+MS G ImG for all M G a^^Z. This implies that 

IJ Bo(A + M5) C ImG, (4.2.9) 

since ImG is a subcrystal of UMea^ -'^(-^ + M6). 

Now, let us show the reverse inclusion. As seen in the proof of Lemma 14.2.61 (see 
fl4.2.5|) ). every element of Im G is of the form 7r+7r„//5, with vr G Bo(A) and n" G a^'^Z. Since 
TT G Bo(A), there exists some monomial X in the root operators Cj, fj for j G / such that 
7r = Xttx. Hence it follows from Lemma f2. 7. II that X{TTx+n"5) = ^{tcx + vr„"<s) = vr + 7fn"5- 
Therefore, we obtain that 

IJ Bo(A + M5) D ImG. (4.2.10) 

Combining ()4.2.9j) and ()4.2.1()|1 . we conclude that 

ImG= J Bo(A + M5)= |J Mo{X + M6). 

0<M<dx 



This proves Claim El 

Thus the proof of Theorem 14.2.21 is completed. □ 
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Corollary 4.2.7. The connected component MqIX) o/B(A) is isomorphic as a P-crystal to 
the suhcrystal o/B(A)ci consisting of all elements ri®z'^& lB(A)ci that satisfy the following 
condition (C): 

o 

(C) Let Tx G cl~^(?7) n ]Bo(A), and assume that 7r(l) = A — a + n'5 with a G o-fid 
n' G Qq "^Z. Then it holds that n' ~ n E d\L. 

Remark 4.2.8. As is easily seen from Lemma l4.2.3l f2). it does not depend on the choice 
of vr G cV^{rf) fl Bo(A) whether or not an element rj ® z'^ E B(A)ci satisfies condition (C). 



Proof of Corollary ^~El\ Let (g) G B(A)ci, and let tt G cl (77) H Bo(A). Assume that 



7r(l) = A — a + n'6, with a G Gq^Q^ and n' G a^'^Zi. Then, as in ()4.2.5|) . we have 
0(77 02;") = vr + 7r(„_„/)5. By the argument used to show ()4.2.10|) above, we can show that 
e(?7 (g) z") = TT + 7T(^n-n')s ^ Bo(A + {u - n')5). Therefore, if the element (g) 2;" G B(A)ci 
satisfies condition (C) (i.e., that n' — n E dx^)-, then it follows from Lemma 14.2.11 that 
e(r/ ® 2") G Bo(A + [n - n')5) = Bo(A). Conversely if 6(7/ ® z") G Bo(A), then we 
obtain that Bo(A + (n — n')6) = Bo(A), and hence that n — n' E dxL by Lemma 14.2.11 
Therefore, the element r] ® z"' E B(A)ci satisfies condition (C). This completes the proof 
of the corollary. □ 

A Appendix. 

A.l Relation with the crystal base of an extremal weight module. For an 

integral weight A G P, we denote by B{X) the crystal base of the extremal weight f/g(g)- 
module V^(A) of extremal weight A (see jKas8[ Sections 3 and 5]), where Uq{g) is the 
quantized universal enveloping algebra of q, and denote by u\ G B{X) the extremal element 
of weight A corresponding to the canonical generator of V^(A). The aim in the Appendix 
is to prove the following proposition. 

Proposition A. 1.1. Let A = Xlie/o"^*^*' ^^^^ ^ ^-^ ■^^'^ ^ ^ ^ level-zero 

dominant integral weight. Then, the crystal base B{X) is isomorphic as a P-crystal to 
the crystal B(A) of all LS paths of shape X if and only if X is of the form rriiWi for some 
i G Jo. 

The main ingredient in our proof of Proposition lA.l.ll is the following theorem (see 
|BN| Remark 4.17], and also |Kas3[ Conjecture 13.1 (iii)]). 

Theorem A. 1.2. Let X = Ylieio with G Z>o fori G Iq, he a level-zero dominant 

integral weight. Then, there exists an isomorphism of P -crystals B{X) ^ ^i^i^BlmiWi) 
that maps U\ G B{X) to Ux := (SJie/,, ^"^^^i 
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Let B be the crystal base of an extremal weight f/g(g)-module, or a tensor product of 
the crystal bases of extremal weight t/g(g)-modules. Then we have an action, denoted by 
Sw, w E W, of the Weyl group W on the set B such that wt{Swb) = wwt{b) for every 
w E W and b E B (see |KasH Section 7]). The proof of the following lemma is standard 
(see the proof of |AK[ Lemma 1.6 (1)]). 

Lemma A. 1.3. Let A = J2ieio ^i^i^ ^ ^>o for i G Iq, be a level-zero dominant 

integral weight. For every w G W , we have SJux = <S>ieio ^wUmi^i ■ 

Lemma A. 1.4. Let A = X^ig/,, ^i^i> with mi G Z>o for i G Iq, be a level-zero dominant 
integral weight. Then each connected component o/B(A) contains at most one element of 
weight A. 

Proof. Take an arbitrary connected component of B(A), and denote it by Bi(A). We know 
from Theorem I3.1.1l f2) that Bi(A) contains a unique (extremal) LS path vr of shape A 
having an expression of the form ()3.1.4|) : 

vr = (A - A^i^, . . . , A - Ns-i5, A ; tq, ri, . . . , r,_i, r,) G Bi(A). 

Define a path G P by: 

il) = {Ni6, Ns-i6, ; tq, n, . . . , r^_i, r^), 

and Hi G Og^Z by: ip{l) = ni6. Then we deduce from Lemma 12.7.11 that Bi(A) = 
Bo(A) —ip. Therefore, the number of elements of weight A in Bi(A) is equal to the number 
of elements of weight A + ni6 in Bo(A). But, we see from Theorem I2.6.6l f3) and the 
definition of the P-crystal B(A)ci that the number of elements of weight A + ni6 in B(A)ci 
is exactly 1. Hence it follows from Theorem 14.2.21 that the number of elements of weight 
A + ni6 in Bo(A) is at most 1. This proves the lemma. □ 

Proof of Proposition \A.l~l[ We proved in |NS21 Corollary 3.8.1] that for each m G Z>o 
and i G /q, the crystal base B{mWi) is isomorphic to M{mWi) as a P-crystal. Therefore, 
it suffices to show the "only if" part. Assume that the support Supp(A) of A contains 
at least two elements, i.e., that #Supp(A) > 2. Let us denote by Bo{\) the connected 
component of B{X) containing ux- Note that under the isomorphism of P-crystals in The- 
orem lA.Ol Bo{X) is isomorphic to the connected component of <S)ieio ^i^i'^i) containing 
Ux ■= <S>ieio '^ni.m,, which we denote by Bq{\). 

Claim. The number of elements of weight A in Bq{\) is greater than or equal to 2. 
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Because #Supp(A) > 2, we can take Pi,P2 G T such that (A,/3i) = (A,/52) = and 
such that {iZ!iQ,Pi) ^ {wi^,P2) for some io G Jq with rrii^ > 0. We see from Lemma lA. 1.31 
that 

St,3^ Ma = St^^ Um^v^i , St^^ Ma = 5*^^ u^^^^ . 

Since (A,/3i) = (A,/32) = 0, it immediately follows that both of the elements Si^^\ and 
Stf^fix are of weight A. Note that the weight of the iQ-th. factor Stf^^Um^^^^^^ of St^^ux 
equals rrii^Wi^ - mi^^{wi^^, Pijd, and the weight of the iQ-th. factor St^^Um,^^,^^ of St^^fix 
equals nii^Wi^ - mi^{wi^, (32)5. But, since {zui^,(3i) 7^ (ti7i„,/52), the weight of Sf^^M^^^^,^ 
is not equal to that of St^^u^^^^^^. This implies that St^^u^^^^^^^ ^ St^^Um,^^^,^, and 
hence that St^_^ux 7^ St^^ux- Because both of the elements St^_^ux and St^^ux lie in the 
connected component Bq{\) of (S)jg/o '^("^j^*) containing m^, "we conclude that the number 
of elements of weight A in Bq{X) is greater than or equal to 2. Hence the same is true for 
the connected component Bq{\) of i3(A), since Bq{X) is isomorphic to i3o(A) as a P-crystal. 
This proves the claim. 

Now suppose that the crystal base B{X) is isomorphic to B(A) as a P-crystal. Then 
the connected component Bo{X) of B{X) is isomorphic as a P-crystal to some connected 
component of B(A); denote it by Bi(A) as in the proof of Lemma (A. 1.41 We know from 
Lemma (A. 1 .41 that the number of elements of weight A in Bi(A) is at most 1. Hence we 
deduce that the number of elements of weight A in So (A) is at most 1, which contradicts 
the claim above. This completes the proof of the proposition. □ 

Example A. 1.5. Assume that q is nontwisted, and A G P is of the form Xliej^*' with 
J G Iq and 7^ J > 2. Note that in this case, di = 1 for all i G /q by Remark I2.1.1l fl) and 
(12.3.11) . We know from jKas3l Proposition 5.4 (ii)] that the crystal base B{X) is connected. 
Also, we see from Theorem 13. 1 . II that the crystal B(A) is connected, since Supp>2(A) = 
and hence Turn(A) = 0. However, the crystals B{X) and B(A) are not isomorphic, as can 
be seen from Proposition lA. 1 . Tl Let us study this case more precisely. 

We know from Theorem I A . 1 . 21 that B{X) = <S)iej ^i^i) P-crystals. In addition, we 
know from |NS2t Corollary 2.2.1] that for each i G /q, the crystal base i3(ti7j) is isomorphic 
as a P-crystal to B(ct7j) = Bo(ti7j), which in turn is isomorphic to the affinization M{wi)c\ 
of the Pel-crystal M{wi)c\ by Theorem 14.2.21 fnote that d^. = 1). Hence we have 

S(A) = (g)B7^j;i = (g)(S(^i)cixZ) as p-crystals. (A.1.1) 
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Now, in our case, dx = 1 since by R,emark 14.1.11 it is equal to the greatest common divisor 
of {nT'idi} .^j^ = {^jjjgj^ with = 0, 1 for i E Iq. Hence it follows from Theorem 14.2.21 
and the connectedness of B(A), along with Theorem 12. 6. 6^ that 




X Z as P-crystals. (A. 1.2) 



The observations ()A.1.1|) and ()A.1.2|) above illustrate how the P-crystals B{X) and B(A) 
differ. 
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